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ABSTRACT OF THE DISSERTATION
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Professor William Drexel Duke, Chair

In the 1970s Don Zagier introduced a family of Hilbert modular forms for real quadratic fields
and a related family of elliptic modular forms. These forms possess a number of remarkable
properties, and have inspired a great deal of research over the ensuing decades. After re-
viewing the necessary background material and introducing Zagier’s work, this dissertation
presents candidates for a generalization of these forms to real cubic fields, and studies some

of their properties.
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CHAPTER 1

Introduction

In the early 1970s Hirzebruch and Zagier, following a suggestion of Serre, began to investigate
intersection numbers on modular surfaces. Their research led to the seminal paper [HZ76],

and a few years later led Zagier to define the Hilbert modular forms

/
/ —k
W (21, 22) = E (az122 + Az1 + Nz9 + b)
a,beZ 0!
AN —ab=m/D

defined for quadratic fields K = Q(v/D) with D > 0. These remarkable forms lead to an
explicit kernel function for the celebrated Doi-Naganuma lift for quadratic fields. Specifically,

if we define

2 : 1 2mimT
Zl; 2oy T m 217 )6

then (for z; and 2, fixed) €2 is a cusp form for I'o(D) with quadratic character ¢, and for
each cusp form f for I'g(D) and €, the map sending f to its Petersson inner product (f,€2),

is up to a constant factor the Doi-Naganuma lift of f.

Zagier also considered the elliptic modular forms defined by restricting the w,, to the

diagonal z; = z5. The result is an infinite sum of so-called hyperbolic Eisenstein series
fedz) = 3 (@bt
a,b,c€Z
b2—dac=A

These forms, originally considered simply “because they were there”, turn out to be as
remarkable as the w,, themselves. Indeed, they can be used to define a kernel function for
the Shimura lift from half-integer weight forms, and have rational period functions. The
w,, and the hyperbolic Eisenstein series f;, have generated a great deal of interest over the

ensuing decades, most recently in an extension of the f;, to negative discriminants in [Ben15].
1



This dissertation presents candidates for a generalization of the w,, and f; to real cubic
fields. The next two chapters give some general background, and the fourth chapter explains
the properties of the w,, in detail, following [Zag75]. Chapters five and six contain nearly all
of the new results. Chapter five is devoted to a generalization of the w,, to real cubic fields,

and chapter six to a generalization of the fj.

In chapter five the main innovation is the use of the hyperdeterminant, a generalization of
the determinant which was first considered by Cayley [Cay09] and then fell into obscurity for
nearly 150 years until it was resurrected by Gelfand et. al. in [GKZ08]. Hyperdeterminants
remain largely unknown even after Gelfand’s work, perhaps because the number of terms
grows so quickly with the dimension of the hypermatrix, and perhaps because hypermatrices
themselves are still relatively uncommon despite their growing importance in areas as diverse
as invariant theory and statistics. The hyperdeterminant of a hypermatrix is nevertheless a
natural generalization of the determinant of a matrix, and enjoys many analogous properties.
The 2 x 2 x 2 hypermatrix in particular has an interesting geometric interpretation, as we

will see.

After defining the generalization H,,(z1, 2o, 23) of Zagier’s Hilbert modular forms, we will
prove that they are well-defined (which is not immediately obvious from the definition), that
they converge absolutely, and finally that they are Hilbert modular forms. We also show that
when m = 0, Hy(z1, 29, 23) is a multiple of the Hecke-Eisenstein series for the cubic field K.
Unfortunately, many of the computations which are merely very difficult in the quadratic
case become (to date) insurmountably difficult in the cubic case, and so the question of
whether the H,, are in fact a suitable generalization of the w,, is still unresolved, although

the similarities are striking.

In chapter six, the natural generalization

hia(z) = Z (az® + 02>+ cz+d)7F

a,b,c,d€Z
disc(a,b,c,d)=A

of the f; is much easier to define, and is also a bit more amenable to computations. Two
related expressions are given for the Fourier coefficients. Just as for the hyperbolic Eisenstein

series fi, these Fourier series consist of the sum of an exponential sum together with an
2



elementary function. In the case A = 0 we prove that hyo (with the definition suitably
modified) is a scalar multiple of the weight 3k Eisenstein series for SLy(Z). As the vast
majority of the work on modular forms of non-integral weight has been devoted to the half-
integer case, it is not yet clear whether the hj have any arithmetic significance. But once

again the similarities to the f; are striking and encouraging.



CHAPTER 2

Background: Elliptic Modular Forms

This chapter summarizes the fundamental definitions and results for modular forms in one

variable. The proofs of these results can be found in Miyake [Miy06] or Serre [Ser73].

2.1 Discrete Subgroups of SLy(R)

Let H= {z =2+ iy : y > 0} be the upper half complex plane. The group SLy(R) of 2 x 2

matrices with real entries having determinant 1 acts on H via Mobius transformations as

follows: if
a b
’}/ =
c d
and z € H, then
az+b
— 2.1
T cz+d (2.1)
It is not hard to check that
S(rz) = —S2 (2.2)
lcz + d|?

and that v1(722) = (1172)%, and so (2.1) does in fact define an action. Moreover, it follows
that v also maps R U {oo} into itself, where we define v(co) = oo if ¢ = 0, and otherwise

7(00) = 2. Note that v and —v define the same Mébius transformation.

The group SLy(R) can be made into a topological group by giving it the subspace topology
from My(R) ~ R* and a subgroup I' of SLy(R) is said to be discrete if it is discrete with
respect to this topology. One can show that I' is discrete if and only if its action on H is

discontinuous, meaning that

#{yeT : y(K)NK # 0} < 0o
4



for every compact subset K of H.

The elements of SLy(R) can be grouped into three classes: if [tr(y)| < 2 then v is said to
be elliptic, if [tr(y)| = 2 then 7 is parabolic, and if [tr(«y)| > 2 then 7 is said to be hyperbolic.

The distinction between these classes is perhaps better understood in terms of fixed

points: let
a b

c d

’)/:

be an element of SLy(R). If ¢ # 0, then the equation

az+b
cz+d

z=rz =

has solutions

Z =

a—dt+/(a+d)?—4 (2.3)
2c '

From (2.3) we see that if ~ is elliptic then v has exactly one fixed point in H, if 7 is
hyperbolic then v has two fixed points in R, and if 7 is parabolic with ¢ # 0 then v has

exactly one fixed point in R.

If ¢ = 0 then ~ is parabolic if and only if a = d = +1, in which case v has oo as its only

fixed point. Otherwise 7 is hyperbolic and fixes co and ﬁ.

Elliptic and parabolic fixed points are especially important because they must be handled

carefully when defining a Riemann surface structure on the quotient I'\ H.

Suppose that ( € H is a fixed point for an elliptic element of a discrete subgroup I'.

What is the structure of the stabilizer I'v = {y € I' : ¢ = (}? The map ¢ — :g is a
biholomorphic map from H to the unit disk D, and using this map we can identify I" with a
discrete subgroup of the group of automorphisms of I, with the elements of I': mapping to

automorphisms which fix 0.

It follows from the Schwarz lemma that the only automorphisms of I fixing 0 are the

rotations. Since any discrete subgroup of SO(2) is finite cyclic, I'r must be a finite cyclic

group.



Similarly, suppose that x € R U {oc} is a parabolic fixed point for I, and let ', be the
stabilizer of x in I'. First suppose that x = oo. Since I' is discrete it follows that all of the

elements of I'y, must be parabolic, and that there is some h > 0 such that

1 nh

(£ = { £

‘ne Z} (2.4)

0 1

If z € R then the matrix o, = maps x to oo, and it follows that o, 'T",0, has
-1 =z

the form above.

A cusp of I' is a I'-equivalence class of parabolic fixed points for I', and the width of the
cusp is defined to be the real number h such that (2.4) holds.

The upper half-plane H can be made into a Riemannian manifold by giving it the SLy(R)-
invariant metric ds* = y~2(dz? + dy?). This is the familiar Poincaré half-plane model for
hyperbolic geometry. One can also check that the measure du(z) = y2dzdy (2 = x + iy) is
SLy(R)-invariant.

Given a discrete subgroup I' of SLy(R), let H* consist of H and the set of cusps of I'. We
define a topology on H* as follows: the induced topology on H is the usual one, and H is a
open dense subset of H*. If x is a cusp of I' and o, is defined as above, then a basis for the

open neighborhoods of x is given by
o, (Uc) U {x}

where

Uo={2z€eH:S(z) >C} (2.5)

With this definition, the quotient I'\H* is a locally compact Hausdorff space, and the
inclusion I'\H — I'\H* is an open embedding. For the subgroups I' we are interested in,
[\H* will in fact be compact. One can make I"'\H* into a Riemann surface with a little more

work, though some care must be taken with the elliptic fixed points of T'.



2.2 The modular group

The modular group is the subgroup SLy(Z) of SLy(R) consisting of matrices with integer

entries. It is generated by the matrices

T = S = (2.6)
0 1 1 0

Every z € H can be transformed by I' to a point in the domain

F={zeH: - Rz < =, |z| > 1} (2.7)

DN | —

N | =

and this point is unique with the exception of the two sides Rz = £1 (which are equivalent

2
under 7') and the two “halves” of the unit semicircle (which are equivalent under S). The
modular group has a single cusp at oo, and the only elliptic fixed points (up to SLg(Z)-
equivalence) are i and p = e3'. The quotient SLy(Z)\H* can be made into a compact

Riemann surface.

Besides the modular group itself, certain subgroups of SLy(Z) are of interest. For each

positive integer N, define the three “principal congruence subgroups”

a
F(N):{ ca,d=1,b,c=0 modN} (2.8)
c d
a b
I‘l(N):{ ca,d=1,¢=0 modN} (2.9)
c d
a b
FO(N):{ fre=o mod N} (2.10)
c

Note that I'(IV) C I'y(N) C T'o(V) for each N, and when N = 1 these three subgroups are
the full modular group. While it is possible to consider more general congruence subgroups,

these three will be sufficient for our purposes (and in fact we will mainly be interested in

To(NV)).



2.3 Modular forms

Let k£ be a positive integer, and let f : H — C be a holomorphic function. We say that f is
a modular form of weight k for SLy(Z) if

flyz) = (cz +d)" f(2)

for all

a b
Y= € SL2 (Z)
c d

and if it is holomorphic at infinity in the following sense:

Taking v = T, we see that any function satisfying f(vz) = (cz + d)* f(2) is periodic of
period 1, and hence has a Fourier expansion

1) = Y e
nez

f is said to be holomorphic at infinity if ¢,, = 0 for all n < 0. If in addition ¢y = 0, then f
is a cusp form. The condition f(yz) = (cz + d)*f(z) is sometimes rewritten in the following
ways: either as

f(y2) = j(v,2)" f(2)

where j(v, z) = ¢z + d is the “factor of automorphy”, or as f|yy = f, where
(flim)(z) = (ez +d) " f(v2) (2.11)

Modular forms for congruence subgroups can be defined similarly, though the definition

becomes a bit more complicated because these groups often have more than one cusp.

We will also need a slight generalization of the definition above: if I" is a congruence
subgroup of the modular group and y : I' = C* is a character of finite order, a modular

form of weight k for I' and x satisfies

f(vz) = x(N(ez + ) f(2) (2.12)

for all v € ', and also satisfies the appropriate growth conditions at the cusps of I'. Most

commonly I' = I'((N), and x(vy) = xn(d) for xn some Dirichlet character mod N (d is
8



invertible mod N if v € I'o(V)). If —I € T, then there will be no non-zero modular forms of

weight & for T and y unless x(—1I) = (—1)*.

What is the motivation for the definition of modular forms? As mentioned above, the
quotient SLy(Z)\H (together with a cusp at infinity) can be made into a compact Riemann
surface, and then the two conditions in the definition of a modular form of weight k are pre-
cisely what are needed for f to define a holomorphic differential of weight k£ on this quotient.
The complex vector space of such differentials is finite dimensional, and the dimension can

be explicitly computed using Riemann-Roch.

On the other hand, there are many examples of modular forms whose Fourier coefficients
involve interesting arithmetic functions (we will see a few examples in the next section)
and since the vector space of modular forms of weight k is finite-dimensional this leads to

identities relating these functions.

There is another reason to study modular forms: if f(z) is a modular form of weight k

with Fourier expansion
[e.e]
. 2minz
f(z) = E Cpe
n=0

then define the L-function of f to be the Dirichlet series

o0

Cn
L(S,f) = —
n=1 n

These L-functions turn out to have analytic continuations and functional equations, as
will be explained in more detail in the next chapter. Moreover, there are converse theorems
which state that Dirichlet series which have “enough” functional equations must be the

L-function of a modular form.

These results have two important consequences: first, L-functions can be used to under-
stand modular forms, and second, if some other object with an L-function (e.g. an elliptic
curve) can be shown to correspond to a modular form in some sense, then its L-function will

“inherit” the desirable properties of the L-function of the corresponding modular form.



2.4 Eisenstein series and Poincaré series

It is not immediately obvious from the definition that there should be any interesting ex-
amples of modular forms. In this section we will introduce a construction that leads to
important families of modular forms. This construction encompasses the familiar case of
Eisenstein series for SLy(Z), but we will work in greater generality to fit the needs of a later

chapter.

Fix an integer k£ > 3, and let [ be the modular group or one of its congruence subgroups,
and x a character of I' of finite order. We also suppose that x(—1I) = (—1)* if T' contains
—1I.

Let A be a subgroup of I', and suppose that ¢ : H — C is a holomorphic function such
that

oA = x(A)¢

for all A € A. If ky,..., K, are representatives of the I'-inequivalent cusps of I', then let

Vi,..., V. be open neighborhoods of k1,..., k., and define

H =H\ (U Um) (2.13)

j=1~€l’
Finally, suppose that
|16 du(e) < o0 (2.14)
A\H
Then the series
F(z) = Fi(z:¢,x. AT) = > x(0)(@li)(2) (2.15)
vyeA\T

is absolutely and locally uniformly convergent on H, and moreover F|yy = x(v)F for all

vyel.

We need two additional conditions to guarantee that F' will be holomorphic at infinity:
let k be a cusp of I, and ¢ an element of SLy(R) such that ok = co. If k is not a cusp of A,

we suppose that there are € > 0 and M, ¢ > 0 such that

(@leo™)(2)] < M2| 7

10



for all z with Sz > ¢, and if k is a cusp of A then we suppose that there are ¢ > 0 and
M, c > 0 such that
(@l ™) (2)] < M|2|7

for all z with &z > c.

With these additional requirements, F' will be holomorphic at the cusps of I', and if the ¢
in the second condition can be taken to be positive then F' will vanish at the corresponding

cusp.

This construction is quite general, but one important special case is the following: let s
be a cusp of I', and T'; the stabilizer of x in I'. Choose o € SLy(R) such that ok = oo, and

let h be a positive real number such that

olo I} = { + nh 'n e Z}

1

and define

27rz'maz>

On(z) = (o 2) Fexp (5 (2.16)

for an integer m > 0. Suppose also that x(7)j(cyot,2)¥ =1 for all ¥ € I',. Then the
Poincaré series F' defined using ¢,, is a modular form of weight k£ for I' and y, and is a cusp

form if m > 1. If m = 0 then F' is called an Eisenstein series.

If I' = SLy(Z) with the trivial character and x = oo then we can take o = I, and since

h = 1 we obtain

Fi(2: 6m, 1, T, T) = Y iy, 2) Fem
Too\I'

In particular, if m = 0 then

Fk(z;¢07 17F007F) = Z 3(772)716

T\

which is (up to a normalizing factor) the usual Eisenstein series for SLy(Z).

11



2.4.1 Poincaré series and Fourier expansions

Suppose that k > 3, and that f is a cusp form of weight k for I' and x. Fix a cusp « for I'.

If once again o is an element of SLy(R) such that ok = oo, then f has a Fourier expansion

(fleo™)(z) = ape™ = (2.17)

where h is the width of the cusp x as defined in section 2.1.

This Fourier expansion is closely related to Poincaré series, as follows: let ¢,, be as in

(2.16), and define

g(m)<z> = Fk(z;¢m7X7 Fmr) (218>

Then the Petersson inner product of f and g™ is

- F(2)g™ (2)S(2)F du(2) = am(drm) =* 1k (k — 2)! (2.19)

for m > 1, and is zero when m = 0. This can be verified using the usual “unfolding” trick

for the Poincaré series.

The Fourier expansions of the ¢ at a cusp & will be needed later, and for this we will
make some simplifying assumptions: set I' = I'o(D) and suppose that we want to determine

the Fourier expansion of g,(.gm) at 0o. Also assume that the width of the cusp oo is 1. Hence

g (2) =D g™ (2.20)
n=1

and the problem is to determine the coefficients gy, ..

Begin with the following lemma:

a b
Lemma 2.4.1. Ify = € SLe(R) and t > 0, then
d

o . a(z+r)+b 2 ke bl 4 s} ;

§ : (C(Z+T) +d)_k€27TZtc(z+r)+d _ 7T_Z (?) 2 Jk_l <_7T /mt>€2?(ta+md)62mmz (221)
C C

r=—00 m=1

where Jy_1(z) is a Bessel function.

12



0 —1
For the proof, first observe that if the result holds for v = , e, if
1 0

0 " o0 k-1
Z (2 + 1) ke 55 = 2mit Z (%) T (Amv/mt)e?mim (2.22)

r=—00 m=1

then the general case will follow by replacing z with z + %, t with C%, and multiplying both

—k 2mita

sides by ¢ e ¢

So it is enough to prove the second identity. To this end, note that the series on the left
converges absolutely and locally uniformly in H, and is periodic with period 1, hence has a

Fourier expansion
oo

§ Cnl€2wmnz
m=1
with
1C+1 0 it
Cm = / ( E (z+7)Fe” zﬂ)e’Q’”mZ dz
i r=—00

Interchanging the sum and integral and making a change of variables, we get
1C 400 o ' m &%1
Con = / ke 2miz g 2mimz o — ok <?> Je—1(4mv/'mt)
1C'—o0
which proves the lemma.

Now let us return to the Poincare series g,(im), which we will now write as

m 1 _ . _ 2mimyz
92 =5 D X(0)i(r.2) e (2.23)
Lx\oT
where ok = 00,
1 n
T, =olo !N { ‘ne Z} (2.24)
0 1
and h is the width of the cusp k.
. a b a b . : .
Now two matrices v = and 7' = in oI" are I',-equivalent if and only if
c d d d

(d,d) = (¢,d), and a pair (c,d) appears as the second row of some + if and only if ¢, d are

coprime and —%l is I'-equivalent to x. Hence
13



g™ () = 5 Z X<U_1 )(cz + d)_ke%Tz = (2.25)
ged(e,d)=1 c d
d

=4k
c

This sum contains a term with ¢ = 0 if and only if K = oo, in which case d = +1,

+7, and h = 1. So the contribution from ¢ = 0 is §,.0e2™?.

Otherwise we can assume ¢ > 0 (and multiply by 2), and then since I' contains the

subgroup

1 n
{ :nEZ}
0 1

it follows that if a matrix with second row (¢, d) lies in oI then so does a matrix with second

row (¢,d + rc) for any r € Z. Hence the condition —g ~ Kk depends only on d mod ¢, and so

the contribution to g&m) of terms with ¢ > 0 is

a b

2mim a(z+r)+b

> > X (Az_al ) D lelz+7) +d Fe T (2.26)

d mod ¢ c d reZ
ged(c,d)=1 —%NH

Using the lemma, we therefore obtain

h % S 4 a b 27 a
gﬁl,n = 5/1006mn + 27T'lk (%) Z kal (?ﬂ-\l %) Z X(O’il >eT(nﬁ+md)
c=1

d mod c c d
ged(c,d)=1

— LK
c

14



CHAPTER 3

Background: Hilbert modular forms

In this chapter we provide some background on Hilbert modular forms which will be needed
for the next two chapters. The results which are stated without proof can be found in
either Bump [Bum97] or Freitag [Fre90]. We also summarize some important results on the

L-function of a modular form, following Miyake [Miy06].

3.1 Discrete subgroups of SLy(R)"

Fix an integer n > 2. The action of SLy(R) on H induces an action of SLy(R)™ on H", with
each matrix acting on the corresponding coordinate. Most of the basic results regarding dis-
crete subgroups of SLy(R)™ are easy generalizations of the corresponding results for discrete
subgroups of SLy(R), but one subject that requires a bit more care is the definition of a cusp

for such a subgroup.

We begin by defining what it means for a discrete subgroup of SLy(R)™ to have cusp
o0 = (00,...,00): given a discrete subgroup I' of SLy(R)", let t be the set of all vectors
a € R" such that the translation z — z 4 a is an element of I'. Since I' is discrete it follows

that t is a discrete subgroup of R", and we will assume that it has rank n.

A vector € € R" is said to be totally positive (written ¢ > 0) if e > 0,...,¢, > 0. A
totally positive vector ¢ is said to be a multiplier of I' if there is some b € R™ such that
z + €z + b is an element of I'. One can show that the group A of multipliers is a discrete

subgroup of (0,00)", and that &; -- -, = 1 for all multipliers e.

The image of A under the map (0,00)" — R" given by (z1,...,z,) — (logxy,...,logx,)

15



is contained in the hyperplane
Hy={zeR":2y+ - +x, =0} (3.1)

log A will be a discrete subgroup of Hy, and order for I' to have cusp oo, this subgroup should

be a lattice in Hj.

To summarize, I' is said to have cusp oo if t is a lattice in R and log A is a lattice in
Hy={zeR":2y+ - +x, =0}

This definition then allows us to define cusps in general: a point x € (R U {cc0})" is
said to be a cusp for ' if ATA™! has cusp oo, where A is any element of SLy(R)" such that
Ak = o0.

Let (H™)* be the union of H" and the set of cusps for I'. Just as for the one-dimensional
case, one can define a topology on (H")* such that the quotient I'\ (H")* becomes a locally
compact Hausdorff space. Moreover, the quotient with the (equivalence classes of) the cusps

and elliptic points removed is a real manifold of dimension 2n.

3.2 Hilbert Modular Forms

Let K be a number field, and Ok the ring of integers of K. If [K : Q] = n then K = Q(«)
for an algebraic number o having a minimal polynomial of degree n over Q, and therefore
there are n embeddings ¢ : K — C defined by mapping « to the complex roots of this
polynomial. An embedding o is said to be real if the image of ¢ is contained in R, and K is

totally real if all n embeddings are real.

Let K be a totally real number field of degree n, with embeddings o4, ...,0,. Then the
group SLy(K') can be embedded in SLy(R)™ by the map

7= (01(7), - on(7) (3:2)
where ¢;(y) means applying o, to the entries of 7. As SLy(R)" acts on H", this induces an
action of SLy(K') on H™.

The Hilbert modular group for K is the subgroup 'y = SLy(Ok) of SLy(K), which we
16



identify with a subgroup of SLy(R)™. 'k is a discrete subgroup of SLs(R)™ because Ok can
be identified with a discrete subgroup of R™.

Moreover, Of is in fact a (full) lattice in R™, and in the notation of the previous section
we have t = Ok. Also A = {¢? : ¢ € OF}, and it follows from the proof of Dirichlet’s units

theorem that log A is a lattice in Hy. Hence 'k has cusp oo.

In fact, we can say more: the cusps of I'x are K U {oo}. For each a € K we define a
fractional ideal (a, 1), and extend this to co by mapping it to (1). One can show that the
induced map from K U {oo} to the ideal class group of K is surjective, and that two cusps
are I'g-equivalent if and only if they define the same ideal class. Hence the number of cusps
of I'k is equal to the class number of K, so in particular is finite. Moreover, it turns out

that the quotient I' i\ (H" U K U {o0}) is compact.

With these details out of the way, we can now define modular forms for I'x. Fix r =

(r1y...,1m) € Z", and let M = (M, ..., M,) be an element of SLy(R)™. If

M, = a; b;
c; d;j
for each 7, then for brevity write
a b
N c d
Also define N(z) = 21 -+ 2z, for z = (21,...,2,). In analogy with the one-dimensional case,
define the factor of automorphy
J(M,2) = N(cz+d)" = [ [(cjz + ;)" (3.3)
j=1

This satisfies j(M N, z) = j(M,Nz)j(N, z) for all M, N € SLy(R)™ and all z € H".
A modular form of weight r for I'k is a holomorphic function f : H" — C such that
f(Mz) =j(M, 2)[(z) (3.4)
for all M € TI'k. In the case where all of the components of r are the same integer k
(sometimes called parallel weight) we will simply say that f has weight k. As with the one-

variable case, there is an additional condition involving the cusps, but unlike the one-variable

case, we will see that this condition comes “for free”.
17



3.3 Fourier expansions for Hilbert modular forms

Let us return for the moment to the setting of a general discrete subgroup I' of SLy(R)™.

Define t and A as before, and assume that I' has cusp co. Let
t'={a €R": tr(ax) € Zforall z € t} (3.5)

be the dual lattice of t. In the case I' = 'k for a totally real number field K, t = Ok and

tY = 07! is the inverse different ideal.

If f is holomorphic on H" and satisfies f(z+a) = f(z) for all a € t, then f has a Fourier

expansion
f(Z) _ Z aye27ritr(1/z) (36)
vety
with
1 )
a, = —/ f(z)e2mt2) gy (3.7)
1P| Jp

where z = x + iy, dv = dxq---dz,, P is a fundamental polytope for t, and |P| is its
(Euclidean) volume. f is said to be regular at oo if a, = 0 unless v = 0 or v > 0, and f

vanishes at oo if in addition ag = 0.

Next, if k is any cusp of T', choose A € SLy(R)™ such that Ak = oo, and define
falz) = j(A™ 2) 71 f(A7'2) (3.8)

One can check that f4(Mz) = j(M,z)fa(z) for M € ATA™'. We then say that f is
regular (or vanishes) at x if f4 is regular (or vanishes) at co. While there are many choices

of A such that Ax = oo, these properties are independent of the choice of A.

We can now complete the definition of a Hilbert modular form for I'x of weight r: it is
a holomorphic function f : H" — C such that f(Mz) = j(M,z)f(z) for all M € 'k, and
which is in addition regular at the cusps of I'k. If in addition f vanishes at all the cusps

then it is said to be a cusp form.

Assuming (as we have throughout this section) that n > 2, the regularity condition turns
out to be superfluous: Koecher’s principle states that any holomorphic function f : H* — C

such that f(Mz) = j(M,z)f(z) for all M € T'k is necessarily regular at the cusps of 'k
18



3.4 The L-function of a modular form

Given a modular form f(z) for SLy(Z) with Fourier expansion

f(2) = ane™™ (3.9)

n=0

define
L(s, f) = Z apn”*
n=1

The following lemma implies that L(s, f) converges for R(s) > k:

Lemma 3.4.1. Let f(z) be a modular form for SLe(Z) with a Fourier expansion as in (3.9).
If f(2) is a cusp form, then a, = O(ng) as n — oo, while if f is not a cusp form then

an = O(n*1) as n — cc.

For the proof, first assume that f is a cusp form. Then |f(z)] = O(e™?™) as y — oo
(2 = x + iy as usual) since ap = 0. The function g(z) = |f(z)|y? is therefore bounded on

the fundamental domain F for SLy(Z), and is also SLy(Z)-invariant. This implies that
F()] < My (3.10)

for some constant M and all z € H.

On the other hand, for any y > 0 we have
144y ]
a, = / f(2)e 2" dz (3.11)
1y

and using (3.10) we obtain

la,| < My~ 2 e2miny (3.12)

k
2 .

and setting y = + shows that |a,| < Me*™n

If f(z) is not a cusp form then we can write f(z) = g(z) + aEy(z) where g(z) is a cusp
form, a € C, and Ej(z) is the weight k Eisenstein series for SLy(Z), normalized so that the

first Fourier coefficient of E} is 1. The Fourier coefficients of Fj, can be explicitly computed
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(see Serre [Ser73]) and are O(n*1), and this combined with the growth result just proved

for g(z) shows that the Fourier coefficients of f are also O(n*~!).

The growth estimate just proved applies specifically to modular forms for SLy(Z), but
this is just a special case of the general fact that an estimate the growth rate of the Fourier
coefficients of f corresponds to an estimate on the growth of f(z) as J(z) — 0. More

precisely, one can prove the following:

Lemma 3.4.2. If f is holomorphic on H with a Fourier expansion
- S
n=0
which converges absolutely and locally uniformly, and if there is some v > 0 such that
f(z) = 0((S2)7") as Sz — 0, uniformly in Rz, then it follows that a, = O(n").
Conversely, if {a,} is a sequence of complex numbers with a, = O(n") for some v > 0,

then the series
f(Z) _ Z an€27rinz
n=0

converges absolutely and locally uniformly on H and defines a holomorphic function f(z) on
H such that f(z) = O(S$2)™"71) as Sz — 0 and f(2) — ag = O(e™¥%%) as Iz — oo, both

uniformly in Rz.

Therefore we can safely assume that all of the L-functions below converge in a suitable
half-plane. The following result, due to Hecke, shows that modular forms are essentially

characterized by the property that their L-functions have functional equations:

Theorem 3.4.1. Given holomorphic functions

£ = S () = 3 b
n=0

n=0

with the two functions satisfying the growth conditions above, and given N > 0, define

An(s, f) = (j—%)sns)us, f (3.13)

for k >0, and similarly for g. Then the following are equivalent:
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(i)
1
(i N )k (__> 14
o(2) = (VN2 (- o (3.14)
and (ii) both An(s, f) and An(s,g) have meromorphic continuations to the entire complex

plane, such that

An(s, f) = An(k —s,9) (3.15)
and such that
b
An(s, f)+ = 4 = (3.16)

15 entire and bounded in any vertical strip.

Taking f = g, we obtain the following:

Corollary 3.4.1. Let k > 2 be an even integer, and let f(z) be a holomorphic function on
H with a Fourier series satisfying the growth conditions above. Then f is a modular form
of weight k for SLyo(Z) if and only if A(s, f) = (2m)~*T'(s)L(s, f) can be meromorphically

continued to the entire complex plane and if

(3.17)

ISIES

is entire and bounded in every vertical strip with A(s, f) = (—1)

A(k — s, f). Moreover, if

ag = 0 then f is a cusp form.

Hecke’s result was generalized by Andre Weil to I'g(N), but the corresponding result is

much more complicated. See Miyake [Miy06] for details.

Finally, if a modular form is an eigenfunction for the Hecke operators, then its L-function

has an Euler product. More precisely, we have the following result:

Theorem 3.4.2. Let f(z) be a non-zero modular form of weight k for T'o(N) with character

x with Fourier expansion

f(Z) _ che%rinz

n=0

normalized so that ¢y = 1. Then the following are equivalent:
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(i). f(z) is a common eigenfunction of the Hecke operators T'(n): for each n there is a

complex number t(n) such that f|T(n) =t(n)f.

(ii). The L-function of f has an Euler product:

L(s, f) = [J(1 = t)p™ + x(p)p" )" (3.18)

p

Moreover, if f satisfies the above conditions then t(p) = c,.

3.5 Base change

We have seen in the previous section that elliptic modular forms are essentially characterized
by the properties their L-functions possess. The idea of base change is to associate to an
elliptic modular form a corresponding Hilbert modular form in such a way that the L-

functions of the two modular forms are related.

More precisely, let K be a totally real number field, and assume for simplicity that K
has narrow class number one (so that every ideal is generated by a totally positive element).
Then the different ideal is generated by some element d, and so the Fourier expansion for a

Hilbert modular form f can be written as

fE =3 ae™ (3.19)

veOg

with a, = 0 unless v =0 or v > 0.

If € is a totally positive unit, then there is a unit €; such that ¢ = 7, hence if f is a

Hilbert modular form of weight k for SLy(Ok) with k even then

flez) = N(e)) ™" f(2) = f(2) (3.20)

This implies that a., = a, for any totally positive unit, and so the map v — a, can be

regarded as a function on ideals of Q. Therefore we can define the L-function of f to be

L(s,f) =) _aaN(a)™* (3.21)
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with the sum over integral ideals of Q. Just as for elliptic modular forms, this L-function

has a meromorphic continuation and a functional equation.

Now further suppose that K is a quadratic field of discriminant D. Base change for K

takes the following form:

Theorem 3.5.1. Let ¢(z) =Y. an,e*™"* be a Hecke eigenform of weight k for SLa(Z). Then
there is a Hilbert modular form f for SLy(Ok) such that

L(Sa f) = L(Sa ¢)L(57 ¢> XD)

Here xp is the quadratic character for K, and

L(s, ¢, xp) = Z an,Xp(n)n=*

n

is the “twisted” L-function of ¢.

Base change for general number fields is still an active area of research. The most common
approach to base change is via the adelic view of automorphic forms, using the trace formula
or converse theorems. However, we will see in chapter four that for the case of real quadratic

fields it is possible to construct an explicit kernel function for the Doi-Naganuma lift.
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CHAPTER 4

Zagier’s Hilbert Modular Forms

This chapter covers the work of Don Zagier in [Zag75], who introduced a family of Hilbert
modular forms for quadratic fields which provides an explicit kernel function for the Doi-

Naganuma lift.

4.1 Definitions

Let K be a real quadratic field having discriminant D > 0, ring of integers O, and different

ideal 0. Fix an even integer k > 4, and for each m > 0 define

/
W (21, 22) = Z (az129 + Az1 + Nz + b)*’l‘C (4.1)
a,beZ, 0!
AN —ab=m/D

Here 97! is the inverse different, 2,2, € H and X is the conjugate of A. The prime on
the sum indicates that the term A = a = b = 0 should be omitted when m = 0. w,,(z1, 22)
converges absolutely and locally uniformly on H x H, hence is holomorphic. If m > 0 then
wm 1s a cusp form of weight k for SLy(Ok), and if m = 0 then w,, is a multiple of the

Hecke-Eisenstein series of weight £ for K.

Wy, can be written in another form: given
a b
M = € GLy(R)

define

1 d 1 1
_ d _ 4.2
o (21, 22) det M dzy 2o — Mz (c2122 — az + dzg — b)? 42

for z1, 2o € H. Note that the expression on the right is defined even if det M = 0 (provided

that M # 0), and therefore can be used to define ¢, when det M = 0.
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If

. B
Aj= 1" Bl e GL:(R) (j=1,2)
Vi 0
then one can check that
On(Arz1, Agzo) = (1121 + 51)2(722’2 + 52>2¢A;MA1(217 22) (4.3)

where A} = det(Ay)A; " is the classical adjoint of A,. If we set

(where M’ is the matrix obtained by conjugating the entries of M) then matrices in A have

the form

0  b/D
M= (4.5)
—avD ¥

with a,b € Z and 6 € Og. Writing § = —\VD with A € 07, it follows that

Grr(z1, 20) = D™ Hazi 20 + Azp + Nzg +b) 72 (4.6)
and therefore
wn(z1,22) = D5 Y ula, )" (4.7)
MeA\{0}
det M=—m

4.2 The Fourier Expansion of w,,

In this section we will compute the Fourier expansion for w,, when m > 1 (as wy is a multiple
of the Hecke-Fisenstein series of weight k for K, its Fourier expansion is already known).

Before doing so, let us recall what form this expansion takes for a Hilbert modular form:

If f(21,22) is a holomorphic function on H x H satisfying
f(Mz1, M'2) = (v + 5)k(7/22 + 5/)kf(21, z2)

for all

M= " 7] e smaon

v 0
25



then in particular we have

flz1+60,20+0") = f(21,20)

and therefore f has a Fourier expansion

Zla 22 Z a,e 27r7, (vz1+v'22) (48)

veo—!

By Koecher’s principle the coefficients a, = 0 unless v > 0 (i.e. ¥ > 0 and / > 0), and

in order to be a cusp form it is necessary to have ag = 0 as well (i.e. f vanishes at co).

However, this condition is not sufficient if the class number of K is greater than 1; the

other cusps must be checked as well. This amounts to the following: for each

g
v 0

w € SLy(K)

the function

(FleW) (21, 22) = (v21 4 6) (' 20+ 0") F f (W21, W'2y)
must also vanish at infinity.
When f = w,,, we have

k k
2 2

(WiltW)(21,22) = D2 (yz21 +8) (Y2 + )" Y du(War, W'a)

MeA\{0}
det M=—m

= Dg Z ¢(W’)*MW(Z17 22)g = D% Z ¢M(Zl7 Z2)

MeA\{0} MeAw \{0}
det M=—m det M=—m

k
2

where

Ay = (W) AW

As this last expression is so similar to the definition of w,,, it will be enough to compute

the Fourier expansion

n(21,22) = ) e ) (4.9)

veo—1

at infinity.
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To that end, begin by writing

Wi (21, 22) = WP (21, 22) + 2 Z win (21, 22) (4.10)
a=1
where
Wi (21, 22) = Z (az129 4+ A2y + Nzg + b)7F (4.11)
beZ, o1
AN —ab=m/D

Each w?, still satisfies w (21 + 6,20 + 0') = W& (21,22) for § € Ok, hence has a Fourier

expansion
zla 22 Z sz/ 27m(1/z1+1/ 22) (412)
veo—1
Therefore
Coy = O, 42 Z co (4.13)
a=1

so it is enough to compute the expansion for each fixed a.

Begin with a = 0. In this case the condition A\ — ab = 7 reduces to A\ = 7, and the
summation over b is unrestricted. Therefore

Wl (21, 22) Z Z)\zl—i—/\zQ—i—b) (4.14)

Aeo— 1l beZ
AN=m/D

To compute the Fourier expansion of w? , we use the “well-known” Fourier expansion

S +b)F = 27” Z -1 g2rirs (4.15)

beZ
Moreover, if AN = & > 0, either A > 0 or —A > 0, and since £ is even we can replace A
with =X if —=A > 0.

Therefore setting z = Az; + X 23, we obtain

wO (Zl 22) -9 (27m)k Z f: ,rk—1€27rz‘r()\z1+)\’z2) (416)
ma (k—1)!
A€t A0 r=1
AN =m/D
Hence ¢? , = 0 unless v > 0 and v = r\ for some 7 > 1 and some A € 07! with A\ = T, in
which case
0 (27Ti)k k—1
=92 4.17



For a > 0 things are considerably more complicated. We begin by writing

21,22 Z ng Zl,ZQ % (418)
MeS
where
A —=b
S:{ :Aea*l,bez,w—ab:@} (4.19)
Y D
It M € S and 0 € Ok, define
~1
10 14 —A—afll —b—0XN—0'N —abt/
My = M = es
0 1 0 1 a N+ ab
Conversely, if
-\ —b
M1 - ! ! S S
a N
with Ay = X\ + a’, then
Al)‘/ m ’y\/ ’
by = ———L2 =b+ 0N+ 0N+ abl
a

so My = Mjy. Therefore

k k
m(21,20) = Y ou(21,22)2 =Y Y i, (21,22)2 (4.20)

MeS AER 00K

where R is a set of representatives for the set of A € 971 /aQg for which N(\/D) = —m

(mod aD) and

—A b AN —
M(\) = b= D (4.21)
a )\/ a

Since ¢pr(z1 + 0,20 + 0') = dp,(21,22), each of the inner sums above has a Fourier

expansion, and since R is finite, this will determine the Fourier expansion of w.

To compute the Fourier expansion of the inner sum, begin with the following result:

Lemma 4.2.1. If a > 0 then

Yo+ 0z +0) —a) =Y (e, p)en )

0€0Kk veo—1
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with

| O N
Jk,l(a,u)_<k_1)! \/5( . ) Jer(47/aN () (4.22)

for Jx_1(2) a Bessel function.

The proof is via a contour integration: as the sum on the left is invariant under the maps
Ty : (z1,22) = (21 + 0,20 + '), it has a Fourier expansion as on the right with
1 , /
Jro1(a,v) = —= / D (214 0)(z2 4+ 0) — )] Fe PRy dzy (4.23)
vD Ageco
K
with A a fundamental domain for the action of the maps Tp on the plane P = {Jz; =

c1, Sz = 2} (A has area v/ D, hence the normalizing factor in j;_1).

As A is compact, we can interchange the sum and integral, and as the domains Ty A cover

P, the result is

1

. _ _ . !
Jr-1(a,v) = — / (2129 — @) ke=2milvaitv'z2) . dz,
V D Szo=co J Sz1=c1

1 —k _—2miv' 2o a\~k —2mivz
= — 2y € 2 — — e dz1dze
V D Szo=ca Sz1=c1 )

The integrand in the inner integral has a pole at z; = %, which is in the lower half
plane since &zy > 0. Therefore if ¥ < 0 then we can shift contours upward to 700 to get

Jk—1(a,v) = 0. The same argument works if v/ <0, and so jx—1(a, v) = 0 unless v > 0.

In this case we shift contours downward, and the inner integral is

_ N -
<<Z — g) ke—Qﬂi(Vz1+u’Z2)> _ (—27TZ) v 16—27ri1/%
! (k—1)!

—2mires,, — o

22

hence
. —2mi)Fyk—l —k —2miv zp—2miv>
Sl = W/ she TR iz (4.24)

and making the change of variables zo = i,/%7t, we get

o)k N k=1 pch+tioco .
jk—l(a, V) =4 (k ( f){@( (V)> 2 / t—k627r\/am/ (t—%) dt (425)
— 1) o .

/ .
o — 100
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As the integral on the right-hand side of (4.25) is
2101 (4T av) (4.26)

this completes the computation of j;_1.

Now suppose that

|

v oo
with det M = —A < 0. Then

oz, 22) = (Y122 —azm + 02 — B) 2 =7y 2 [(z1 +6/7) (22 — /) — A/y?] 72

and so using the result above we obtain

L 2mi v _Vay A : ’
M ) - v v — R ? .
S ouenm) = Y0 oS (B Yemean 4o
00 veot "
Finally, setting « = =\, 8 = —b,y = a,6 = X, we get
(2m)k+1 D51 <N u)>‘“21 (47r mN(u))
@ = 1l — 4.2
Cmw (k—1! a m Ga(m, v) S a D (4.28)
with
Go(m,v) = Z 2t (4.29)
)\GD_I/GOK
AN'=m/D(aZ)

4.3 Poincaré series for I'y(D)

From this point on, suppose for simplicity that D = 1 (mod 4), so that (since D is the

/

discriminant of a quadratic field) D is square-free. Then one can check that two points %, v
of QU{oo} are I'y(D)-equivalent if and only if ged(y, D) = ged(y/, D), hence the equivalence

classes of Q U {co} modulo I'g(D) correspond to positive divisors D; of D.

Let P = D be a cusp of I'g(D), and set Dy = D%. Then D, and D, are coprime since D

is square-free, hence there are integers p, ¢ such that pD; + ¢Ds = 1, and we can choose
Dy —p
Ap = € SLy(Z)
Dy ¢
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The width of the cusp P is D,.

Let € be the fundamental quadratic character of K, defined by £(p) = (%) for primes p
not dividing 2D, and extend ¢ to ['o(D) by

o Z Z ) =cla) = (@) (4.30)

Let S(D, k, ) be the space of cusp forms of weight k for I'q(D) and e. Writing D, for P,

any f € S(D,k,e) has a Fourier expansion of the form

(fleApy) (2 ZaD1 f)e’ B (4.31)
with
k—1
() = G DGR (1.32)

The Fourier expansions for the Poincare series GP' now take the form

GDl Zng 2mimz (433)
with
mDo\ 5 47  |mn
oot = 0D, DOnim +2mk< n > ; H ) Je- 1< c E) (4.34)
(¢,D)=D;
and
D ]_ 1 a b 271'2( md)
H '(n,m) = - Z e(AP )e g (4.35)
¢ d mod ¢ c d
(d,e)=1
. . . . . .. -1 a b . .
This last sum can be simplified a bit: since D, divides ¢, A, lies in T'g(D)
c d
precisely when Dsla. Hence a is determined mod ¢Ds by Ds|a and ad = 1 (mod ¢), and

(0501 et = () < () ()
C
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-5 - (55 - )5

with the last equality following from <&> &> = (D—1> by quadratic reciprocity. Therefore

Hf%n,m)z%(l%) 3 (_—d1)623<df>2+md) (4.36)

Next, we need the following linear combinations of Poincare series:

Gn(2) = Y $(D2)Dy*GP, (2) (4.37)
Do

where (Dy) = <g—;>\/D2 if D = Dy = 1 (mod 4), and ¢(Ds) = —z<g1>\/D2 if D; =
Dy = 3 (mod 4). Note that ¢ is just a Gauss sum. Also, if Dy = D) DY divides D, then

$(D2) = (Do) (D3)

Using the Fourier expansions of the Poincare series Gf/lDQ, we get

= Z Grm €T (4.38)
m=1
with
Inm = Z ¢(D2)D2 kgTIL)/lDzm
D=D1D>
Dsn
=4 +2m’k(m)k ZH n,m)J, (47T\/ m) (4.39)
nm n b k—1 bD .
and
w(D2) D n
Hyn.m)= Y S5 PHY, <D—2,m> (4.40)
D=D1 Do
Dsn
(b,D2)=1
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4.4 The functions Q(zy, z2;7)

Let D be a positive squarefree integer, D = 1 (mod 4), and k > 4 an even integer. For
21, 22, 7 € H, define
Zl; 22, T Z m Zl7 2)627rim7— (441)

2mimT

This series converges absolutely due to the exponential decay of the terms e . For each
fixed 7, (21, 22;7) is a Hilbert modular form for SLy(Of). In this section, we will show
that if 2y, 29 are fixed then Q is a cusp form for I'y(D) with character €. The key result is

the following:

Theorem 4.4.1. For all z1, 29, 7 € H,
Q21,2057 an Ll (21, 22) G (7) (4.42)
where w0, is the sum defined above when computing the Fourier expansion of wyy,.

The proof consists of comparing two Fourier series, and will be carried out through a
series of reductions, which we will state as lemmas. On the one hand, we have already found

that

217 29T E 2 m le/€27r7,m7 2mi(vz1+v 22)

m=1pcp—1
v>0

with the coefficients ¢,,, computed in section 4.2.

On the other hand, we have also computed

(27i)* , /
(21,2> = 2 ' Z [ Z 1i| 627”(1’21+V 22)

veo ! rlv
v>0  pDuy/=nr?

=

where the inner sum is over natural numbers r such that ¥ € 9~' and N (%) = %, and in fact

)

contains at most one term.

Using the Fourier of expansion of G,,(7), the right-hand side of (4.42) therefore becomes

Z Z ( 27” lzgnm Z ’rkil)e2ﬂi(VZ1+u/z2)e2mmT

m=1pcp—1 rlv
v>0 Dvv'=nr?
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< ' Z Z <Z <DVV )k_lgDVé/”m) 62Tri(yzl+’//22)627rim7—

m=1ycp—1 rlv
v>0

To complete the proof, it is therefore enough to show that

_ 27rz Duv/
mk 1le/ ‘ Z < ) gDTu2;/ m (443)

rlv

Using the definitions of ¢,,, and ¢,,,, this reduces to establishing the identity

Gu(m,v) = Y He (M,m> (4.44)

r2

1
av'D

rlv,rla
for integers a,m € Z with a > 0 and v € 971

To prove this identity, let i = vV Dv € Ok, so that

Go(m,v) = Z et (4.45)

A mod ad
N(A\)=—m mod aD

We want to show that this sum is equal to

/D Y H%(—N(g),m) =D Y Y ¢<D2)H§bl(—N(M)/T2D2,m) (4.46)

rlirla rlurla D=D1Ds

(a/r,D2)=

As both expressions in (4.46) are periodic in m with period aD, it is enough to show that

their finite Fourier transforms coincide. Hence it is enough to prove the following:

Lemma 4.4.1.
aD
Z _ 2mihm Z 2mitr(Ap)
e aD [ aD
m=1 A mod ad

N(A)=—m mod aD

=aVD Zzw Z QMhmebl(—N(u)/rzD2,m)

m=1

for all h € Z/aDZ.

The first expression in lemma 4.4.1 simplifies to

Z LN tr(a2) (4.47)

A mod ad
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For the second, note that H”1(n,m) is a linear combination of terms (" with ¢ a primitive

cth root of unity. Therefore if ¢|aD then the sum
_ 2mwihm

Z e ap HP'(n,m)

m  mod aD

is zero unless (h,aD) = *2 in which case it is equal to

CLD C —d 2min

ety (R | ) Y5 4.48

C <D2> (D1>6 ’ ( )
d

with d defined by a% = ¢. Hence the inner sum in the second expression is zero unless

(h,aD) = rD,. On the other hand, the conditions on r and Dy imply that (a,rDs) = r, so
(a,h) = (a,h,aD) = (a,rDs) = r. Thus r and D, are determined by h:

h,aD
r=(ah) Dy= 2 (1.9
This reduces the desired identity in lemma 4.4.1 to another one:
Lemma 4.4.2. With r, Dy, Dy as abowve,
(AN b D D ChrDy\ TR
Z . (h/\)\;-j:;;/\+ AD :a\/ﬁd)( Q)TDQ(CL 1/7’)( /T’ 2)6 aDy/r (4'50)
D, D, Dy

A0k [ad

if |, Do|N(£), and is zero otherwise.

First let us show that the sum is zero unless r|u and D[N (£). Replacing A with A4+27v/D
in the sum (with 7 an algebraic integer), then AN (\) becomes
NT
vD

h
) - CLDa—QN(T) = hN(\) mod aD

r

hN <>\ + %@) = hN()\) + aD%tr(

and tr(u\) becomes

tr(pA) + ?tr <5—%>

Therefore the effect of replacing A\ with A + %T\/ﬁ is to multiply the summand by a factor

27itr( \*/%)
(& T
independent of A. Hence the sum is non-zero only if this factor is 1 for all 7, i.e. only if

tr(%) is an integer for all 7. And this is the case precisely when r_\/LB evlrlu
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1

Next, we can apply the same argument with 7 € a=, where a is the ideal defined by

a? = (D). Since D, divides %, we can again conclude that replacing A with A + %T\/E does

not change hN(A) mod aD, and so

2mitr %)

e r =1

for all 7 € a~!. Hence we must have

i
rv D

ca! Heq DQ\N(H>
T T

Now assume that r|y and Dy|N(%). This means that a,h, and pu are all divisible by 7,
and replacing a, h,  and 7 in the identity above with 2, %, £ and 1 has the effect of dividing
both sides by 2. So we may assume that 7 = 1.

In this case ged(h,a) = 1 and Dy = ged(h, D) divides pp/, and the desired identity in

lemma 4.4.2 reduces to proving

Lemma 4.4.3.

2 V) -1

ST S Do) (P (T ) 6

AEOK Jad Dy D

Since Dylh and Ds|uyd, it follows that

- h —1 7 o —1 N(p)
2mi o N(Ath 2min— 1 N (L)
2mi (RAN £ utp’ \) mipy NOFHRTw) 2 Do
e aD = e aDy e aDy
2mih~1 ngg‘)

with DLZ € Z and D% € 071, So multiplying both sides by e~ D1 and replacing A with
A —h7 Yy (mod aDy), h with D%, and aD; with b, the identity of lemma 4.4.3 reduces to

D ax/ﬁz/z(D2)(i> <_h) (4.52)

AEOK Jad Do/ A Dy

for (h,b) = 1,(b, D) = Dy, D% = D, Dil = a. If we replace the sum of Ok /ad with a sum

over Ok /aDy, the effect is to multiply its value by g—;, since both sums are multiples of a

sum over Ok /aa with a? = (D;). Hence we have now reduced the problem to proving the

following;:
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Lemma 4.4.4.

% S em’if”:5<b/D1)(Dil)\/D_l (4.53)

D,
AeOk /b
where £ =14if Dy =1 (mod 4) and £ =i if Dy =3 (mod 4).

Writing C'(h/b) for the left-hand side of (4.53), we see that C'(h/b) depends on the class
of hin (Z/bZ)* mod the squares. Also, if b = b1by with (b1, by) = 1, then

o(3)=e(5)e(3)

The same is true for the right-hand side of (4.53) by the properties of Kronecker symbols,

hence it is enough to consider the case when b = ¢ is a prime power. Now write

1< Jzmm
(-) == Z: (4.54)

with
Ny(n) = #{\ € Og/b: N(A\) =n mod b}

To evaluate C' (%) in the case b = ¢', it is therefore enough to determine N,(n). Write n =
noq® with (¢, ng) = 1. There turn out to be three cases, which are tedious but straightforward

to verify:
Lemma 4.4.5. (i). If (%) =1, then Ny(n) = (v + 1)¢"" (g —1) if v < t, and Ny(n) =
(t+1)g" =t if v >t.

(ii). If (%) = —1, then Ny(n) = ¢ (g +1) if v < t with v even, Ny(n) =0 if v < t with
v odd, Ny(n) =q"' if v >t with t even, and Ny(n) = ¢~ if v >t with t odd.

(i11). 1If q divides D and Dy = %, then Ny(n) = (1 + (70)) if v < t with v even,
Ny(n) = (14 ( "ODQ)) Lif v < t with v odd, and Ny(n) = ¢' if v

| \/

Using lemma 4.4.5, first suppose that b = ¢ with ¢ not dividing D. Then

b

C(%) - %:;Nb D (4.55)

n=1
q°|In
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and the inner sum is 1 ifv=1¢ —1if v =¢—1, and 0 if v <t — 1. Therefore in this case

c(%) _ %[Nb(qt) ~ Mg ) (4.56)

If (%) = 1, then (4.56) is equal to 1, which agrees with the right-hand side of (4.53),
since in this case D1 = 1, Dy = D, and (D%) =1

If (%) = —1 then (4.56) is (—1)" = (&), which also agrees with the right-hand side of
(4.53).

Finally, if ¢|D and Dy = =

2mwihng 2mihng

cG)-X T (AT X (P uw

0<v<? ng mod ¢t—v 0<v<t ng mod ¢t—v
veven  (ng,q)=1 vodd (ng,q)=1

Replacing ng with ng + ¢, we see that both inner sums are zero if v <t — 1. Hence

SORON 459

if ¢ is odd, and

h —Do\ /h
c3)= (=) (5)eva (459)
if ¢ is even. Once again £ = 1if ¢ =1 (mod 4), and £ =i if ¢ = 3 (mod 4). As D; = ¢ and
(‘TD?) = (), we can rewrite C'(%) as

o(3)=(5) ())eva=("5)(5)ev: (460

q

This agrees with the right-hand side of (4.53), hence completes the proof of the theorem.

4.5 The Doi-Naganuma map

We saw in the previous section that

Q(z1, 2957 Zm m(21, 22)€ e2mimT — Zm 21,22)G (1)

In particular, for each fixed 7 € H, the series on the right defines a cusp form of weight

k for SL2(Ok). In this section, we will investigate the consequences of this fact. Define
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S1 = Sk(T'o(D), e) where ¢ is the quadratic character of K, and let Sy be the space of cusp
forms of weight k for SLy(Ok).

Then € defines a map S; — Sy via the Petersson inner product:

= (1.9, = [ SR dady
where F is a fundamental domain for I'y(D).

However, in the previous section we expressed €) as a sum of Poincare series, which allows
us to evaluate the Petersson inner product of Q with any cusp form. If we write a2 (f) for
the Fourier coefficients of f at the cusps of I'o(D), then

D
N/, Ga) "> (D) DG, f)

D=D1Ds
Da|n

k—2)! k—1,,Dy
U X wDaDs k()

hence

an Y, G)wWl(z1, 22) = ((Zﬂ_)’i)l' Z (Dy) D5~ IZa Y(fwpp, (21, 22)

D=D1Ds m=1

(4.61)

Using the Fourier expansion

2(2m)k . o0 ‘ /
wgq(zh 29) = (k(_ﬂi)' (_1)% Z Z i1 2mi(rAzi+rN z2)
. 1

Aeo~!
A>0,N(\)=m/D

leads to the following result:

Theorem 4.5.1. Let f be a cusp form of weight k for To(D) with character €, and let a?*(f)

be its Fourier coefficients. For each integral ideal a of Ok, define

_ Zrk—l Z W(Dy) D a )/TQDz(f) (4.62)

rla Dy|(D,N(a)/72)
Then the series
F(z,2) = Y c((v)p)ermitat=) (4.63)
veo— 1
>0
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is a cusp form of weight k for SLy(Ok). Moreover, the map f +— F is, up to a constant

factor, the map sending f to its inner product with (z1, z2;T).

This result is closely related to the Doi-Naganuma lift, which we now describe: let

f(Z) _ Z an€27rinz

n=1

be a cusp form of weight k for To(D), where now D = p is a prime such that K = Q(v/D)
has class number 1. Moreover, assume that f is an eigenfunction for the Hecke operators

T,,, normalized so that a; = 1. If
L(s, f) = Z apn”*
n=1

is the L-function of f (with the sum converging in a suitable half-plane), then L(s, f) has

an Euler product
AP EER
L(s, f) = H <1 —a.q ° + (2—9)qk 1-2 ) (4.64)
q

with the product taken over all primes ¢. If we define af = @, then
fP(z) = Zaﬁe%mz (4.65)
n=1

is also a modular form, with corresponding L-function L(s, f*).

Hecke proved that if (%) = 1 then q, is real, if (%) = —1 then q, is purely imaginary, and

that if ¢ = p then |a,| = p%. This leads to the following:

Lemma 4.5.1.

~1
@(s) = L(s, f)L(s, ) = [T (1 = bla)N (@)™ + N(@)* ) (4.66)
q
where now the product is taken over prime ideals q of K = Q(\/g_)), and where

b(q) = a, a9’ = (q), (%) —1



Indeed, if qq" = (¢) and () =1 then we know that a, = @, so the factor (1 —a,q* +

q"~1725)~1 appears twice in L(s, f)L(s, f*). And since there are two primes with norm ¢, it

appears twice in the product on the right as well.

Similarly, if g = (¢) and () = —1 then @; = —ay, so the corresponding factor in @ is

(1 . aqq—s + qk—l—QS)—l(l + aqq—s + qk—1—25)—1
— (1= a2q% — 24" 172 4 @22ty
q
= (L= b(@)N(q) ™" + N(q)" )~

with b(q) defined as above.

Finally, if g> = (p), then the factor in ® is

(1- app_s)_l(l - a_pp_s)_l = (1—(ap+a,)p~* +pht)

= (1= b(a)N(q) ™" + N(q)" 17>

We now want to define b(a) for all integral ideals a. Begin with prime powers by writing
(L=b(@)t+N(@ ) =14+ ba")t" (4.67)
r=1

as formal power series in R[[t]]. Now that we have defined b(q") for all primes g, we extend

b to integral ideals by requiring it to be multiplicative. With this definition, we have
O(s) = > ba)N(a)™* (4.68)
a
We can now state the result of Doi and Naganuma:

Theorem 4.5.2. Let p =1 (mod 4) be a prime such that K = Q(,/p) has class number 1,

and f a normalized Hecke eigenform of weight k for I'y(p) and . If b is defined as above,

then
F(z,2) = Y b((v)o)e”mitvart'=) (4.69)
"o
satisfies
F( - i, —l) = (2122)FF (21, 22)
)
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Since F is also periodic and is invariant under (zy, z2) = (Az1, X'22) for A a totally positive

unit, it follows from a result of Vaserstein that F' is a Hilbert modular form.

We will devote the rest of this section to using the function €2(z1, z2; 7) to give an alternate

proof of this theorem of Doi and Naganuma.

Specifically, we will prove the following:

Theorem 4.5.3. With p as in Theorem 4.5.2, the function F defined in (4.69) is precisely

the function

Z C((V)D)e%ri(uzl +v'29)

veo~!
v>0

defined in (4.63) (and so we are justified in calling both F).

To prove this claim, it is enough to show that b(a) = c(a) for all integral ideals a. Since

D = p is prime, either Dy = 1 or Dy = p, hence now

:Zrk_la —I—Z kot k ;a}v )/r2 p(f) (4.70)

rla ro|a

using ¢(1) = 1 and ¥(p) = \/p.

The Fourier coefficients a2 (f) are the Fourier coefficients of f|y , and since this
p
matrix is in ['g(p), these are just the a, in the definition of f.
o . . . p -1 .
Similarly, the Fourier coefficients al(f) are the coefficients of f| , SO are given
1 0

by

1 - 2minz
=p) (- —) =D (e (4.71)
Replacing z — p with pz, this becomes

(= L) = ke (@72

et (- ) = pi i pe) (173



and so
a,(f) = p> " aya, (4.74)

And from examining L(s, f*) we see that @,a, = @,,. Hence

Z rF1q Jr2 (4.75)

rla
with a!, = a, if (p,n) =1 and a], = a, + @, if p|n.
Since c(aaz) = c(ay)e(ay) if the norms of a; and ay are coprime, it is enough to prove
that c(a) = b(a) for integral ideals " with q either inert or ramified, or for products q"(q")"
with qq" = (¢).

First consider the case a = g™ with ¢ = (¢) and () = —1. In this case r|a when
r=1,q,...,9™, so
C(qm) = qu(k_l)aq%nﬁ
=0

To evaluate this sum, we introduce a formal power series and obtain

C<qm)t2m _ qj(k_l)aq21t2l+2j
m=0 j=0 1=0
o
j=0
_ (1 o k71t2)71 li tl + 1 Z (—t)l
= q 9 Qgl 5 Qgl
1=0 1=0
1 1 1
— 21— g1y2 71< )
2( 1 ) 1 —agt — g2 1 + agt — ¢F1t2
_ 1 _ 1
(1= agt — ¢ 2 (1 + agt — ¢*—12) 1 — b(q)t2 + g%—2t4
=" bam)e
m=0

This handles the first case.

For the second case, suppose that a = q™ with g = (p). Now r divides a when r =

17p""7p|-%J7 50



Again we use a formal power series, and using the fact that a,m = (a,)™, we get

Z C<qm>tm _ pj(k—l)apltl-i-Qj + Z ij(k—l)a—pltl—mj

NE
M8

m=0 j=0 1=0 j=0 I=1
_ <jz:;pj(k—1)t2j> (;a tl) (Zp] (k— 1)152]) ( > pltl)

1 1 a,
g — ( + — )
1 —p1$2\1 —a,t  1—a,
And since a,a, = p*!, this becomes
1 1 — ayapt? B 1
1 —pr=12 (1 — apt)(1 —ayt) 1 — (a, + ap)t + pr1t2

= b(q
1 —b(q) ter"C 142 Z
so in this case we also have ¢(q™) = b(q™).
Finally, suppose that a = g™ (q')" with qq" = (¢) and (1) = 1. In this case r divides a for
r=1,q,... ,qmi“{m’”}, SO

min{m,n}

ca™@)) =Y " Vagnin-a
=0

In this case we use a formal power series in two variables:

C(qm q/)n)tm n__ Z Z Z qi(k—l)aqj+lti+jui+l
m=0 n=0 i=0 j=0 =0
(Z ¢ Dy ) (Z Agn (1" + " T 4 -t 4 u”))
1=0 =

. n+l n+1
T1- kltut Za"t )=z kltut (Zaq”t_uza‘”“)

1 1 t U
T 1- g-Hut —u (1 — agt + ¢F1t? 11— agu + qk—1u2>
1 1 1
T (L= agt + ¢ )1 — agu+ ¢ ) 1—b(q)t+ N(q)F 21— b(qu+ N(q)F 1

Y S = 303 b e

m=0 n=0 m=0 n=0

with the last equality following from the fact that q and g’ are coprime and b is multiplicative.

This completes the proof that €(z1, z2;7) is a kernel function for the Doi-Naganuma lift.
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4.6 Restriction to the diagonal

A Hilbert modular form of weight k£ for a quadratic field K defines an elliptic modular form
of weight 2k by restriction to the diagonal z; = z5. In this section we will investigate the
modular forms obtained when the forms w,, are restricted to the diagonal, modifying Zagier’s

original exposition to more closely resemble the cubic case to be covered later.

Once again let £ > 4 be an even integer and m > 0 an integer, and now write

/
/ —k
W (21, 22) = E (az122 + Az1 + Nz9 + )
a,cEZNEVL
AN —ac=m/D

where as usual the sum omits A = a = ¢ =0 if m = 0. Setting z; = 2, = 2z, we get

wm(z,2) = Z/ (az? 4+ tr(\)z +c)7* (4.76)

a,c€EZ L
AN —ac=m/D

Set b = tr()\), and note that b is an integer since A € 9~!. Also define d = vV D(\ — \),

and observe that d is also an integer since 07! = \/LBOK‘ Then

1 1 b d
A=A+ N —AN=XN)==-+ — 4.77
and
b d?
— MW =ac——+ 478
ac ac 1 + D ( )
hence
d?> + 4m
v — dac = ——— 4.79
ac D ( )
Therefore we have
d? + 4
wm(z,2) = Z/ (az? + bz +c) ™" = Z I <¥7 z)
a,b,c,dEZ d€EZ
d?—D(b?—4ac)=—4m d?>=—4m (D)
where
fe(A,2) = Z/ (az® + bz +c)" (4.80)
a,b,ce€Z
b2 —4ac=A
for A > 0.
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The functions fi(A,z) are an analogue of the forms w,, for SLy(Z). Let us first show

that they transform like modular forms of weight 2k. If

v= " 1 esLy)

r S

then
fe(A,v2) = (rz + 5)* Z/ (a*2® +b* 2+ )"

a*,b* z*€Z
(b*)2—4a*c*=A

where the integers a*, b*, ¢* are defined by

*  b* b
a 1 r|% 3
=7 Y
v oe boe
2 2

From this we see that in fact (b*)? — 4a*c* = A since v has determinant 1, and moreover
(a*,b*,c*) runs over the same set as (a,b,c). Therefore f(A,z) transforms like a modular

form of weight 2k.

To prove that fi(A, z) is in fact a modular form, we must show that it is holomorphic at

infinity. The proof breaks into the cases A =0 and A > 0.

For A = 0, the identity > = 4ac is homogeneous in a,b, and ¢, so factoring out the
greatest common divisor yields
11(0,2) = C(k) Z (az? + bz +c)7" (4.81)
a,b,ceZ

ged(a,b,c)=1
b?=4ac

Next, if * = 4ac and ged(a, b, c) = 1, then ged(a,c) = 1, and there are relatively prime

integers m and n such that a = +m? ¢ = +n? b = 2mn (with the signs of a and ¢ the same).

Hence
110, 2) = ((k) mzn;Z (mz +n)~2* = %ng(z) (4.82)
(m:n):l
where

Gor(2) = Y (mz+n) >

m,nEL
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is the usual Eisenstein series of weight 2k for SLy(Z). This shows that fi(0, z) is a modular

form.

For A > 0, we will show that f(A, z) is a cusp form by explicitly computing the Fourier

coefficients. Begin by writing

fe(Az) = fA2) +2)  fH(A, 2) (4.83)
a=1
where
Az = Y (a2 +bz+0)7" (4.84)
b,ce€Z
b2 —4ac=A

for fixed a > 0. For a = 0, we have

Wz)k - — mirbz
A, 2) Z Z bz +c¢)” m— Zrk Lg2mir (4.85)
beL et beZ r=1
B?=A
(using the “well-known” Fourier expansion in (4.15)).
If a > 1, then
[z = 3 (a0 +b2 ) Z > (alz+n)? (= + )+b2_A>_k
(A z) = az® + bz z4n) z+n ™
beZ mod 2a nEl
b?=A (4a) =A (4a)

As the first sum is finite, it’s enough to compute the Fourier coefficients of the inner sum

for fixed a,b with a > 1. By the usual unfolding argument, these are given by

A —k . 1400 2 A —k )
/ Z Z+TL +b z+n) b ) e—27rz7"z dz :/ <a22+bz+b > 6—27rzrz dz
nez 4a i—00 da
(4.86)

The poles of the integrand lie on the real axis, so if » < 0 then we can shift contours to
ioo and conclude that the rth Fourier coefficient is zero. This proves that fi(A, z) is a cusp

form if A > 0.

Next, suppose that » > 1. While fi(A, z) is defined for even integers k > 4, the integral
in (4.86) converges for £ > 1, and we will begin with & = 1. Write

¥ —A

P a(z —mr)(z —1g) (4.87)

az? 4+ bz +
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with

b+ VA —b—VA
7’1:—2a T9 = —————

2a

Shifting contours downward to —ioo, it follows from the residue theorem that

i+o0 2 _ A
/ <a22+bz+b

-1 )
) 6—27rz7’z dZ
oo 4a
211

( 6—27rzrz
— | I'€Sy=p,
a (

e
+ res,— )
z—11)(z —19) TR —r) (2 — 1)

(with the negative because the contour is traversed clockwise)

(4.88)

—2mirz

27T’i (6—27ri7"7“1 e—27r7jrr2

) e —@efﬂ'h‘(r1+r2) 6_7”7’(7"1_7’2) _ €7r1,7“(r1—7'2)
a rH — T2 o —T1 a r — T2
_ _ﬁe—ﬂ'ir(rl—i—rz) Sin(ﬂr’n(rl — TQ))
a mw(ry —rg)
Using r1 + 1y = —g and ry — r9 = ‘/TK, we conclude that
i+oo b2 - A -1 . 47T2T wirb Sln(ﬂ-r\/g)
2 —orir mirh
az® + bz + ) e "t dy = — € a d
/Z-oo ( * 4a a VA
AT%r v sint
= — e a
a t
for t = %Z.
Finally, to evaluate the integral
i+o00 b2 _ A —k )

/ (az2 + bz + ) e 2mE (4.89)

1—00 40,
for all integers k > 1, we view ¢ as a positive real parameter, and differentiate k — 1 times
to obtain

i+o00 b2 — A\ -k 4 i+00o b2 at? —k )
/ <a22 + bz + ) e 2mrE (y = / <a22 +bz+ — — —) e 2Tz ]y
oo 4a oo da  (27r)?
B (2rr)2h-2  gh-l

1400 , b2 at2
akfl(k _ 1)! d(tQ)k—l / (az + bz + —

-1
—2mirz
- d
o0 4a (2777")2) ¢ :
(27r)k =2 An?r g dFE

B .= <sint>
a1 k—1) a d(t2)F=1\ ¢t
48




and using the identity

dk1 (sint) (4.90)

kaé(t) - d(t2)k=1\ ¢

—~
—_
S~—
T
Q‘H
~~
:]l\.')
~
S—
=
|
=

we finally obtain

(2mr)% =2 An?r me /T o A
a1 (k-1)! «a “’ (M)k% k é( )

B 2k+%7rk+17,k—% irh (W A)
As=ia(k—1) 2

Summing over a, we now have
fe(D2) =) elr, A)e”™r> (4.91)

with

27i)F ok+3 phtlph—g & A
) = 2T S e ZT T Sy (TR S e e
" r2=d2A Az 4(k_1)' a=1 a b mod 2a
b2=A (4a)
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CHAPTER 5

Modular Forms for Cubic Fields

In this chapter we construct a family of Hilbert modular forms for totally real cubic fields
which is analogous to the modular forms defined by Don Zagier and covered in chapter
four. Before getting to the definition, we review some results involving hypermatrices and

hyperdeterminants.

5.1 Tensors and hypermatrices

If V4, V5, V3 are real vector spaces, their tensor product V; ® Vo ® V3 is a real vector space
consisting of all linear combinations of “pure” tensors v1 ®@v,®vz with v; € V;. (Of course one
can define a tensor product of some other number of vector spaces, but we will be interested

in the case of three vector spaces.)

The tensor product V; ® Vo ® V3 is characterized by the following universal property: if
OV xVox V=V, ®Vy® Vsis the map

D(v1,v2,v3) = v ® V2 @ 3
then for every trilinear map 7" : Vi x Vo x V3 — W there is a unique linear map t :

VioV,® Vs — W such that to® =T

If V; has dimension d; for j = 1,2, 3, then the tensor product V; ® V5 ® V3 has dimension
dydyds. Tf we choose bases {e;}&,, {f; ?2:1, {gr )2, for Vi, Vi, Vs, then the set

{e;@fi@g:1<i<d;,1<j<dy1<k<ds}

is a basis for V; ® Vo ® V3.
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This means that for every element of V; ® V5 ® V3 there is a corresponding d; x dy X dj
hypermatrix A € R%*42%ds Such a hypermatrix can be represented by an array A = [a; ;]
where 1 < ¢ < dy,1 < j < dy, and 1 < k < d3. Addition and scalar multiplication of

hypermatrices are defined coordinatewise.

Matrix multiplication is a bit more interesting. Recall that if A is a d; X dy matrix then
it can be multiplied on the left by a ¢; X d; matrix or on the right by a dy X e; matrix. A

hypermatrix can be multiplied by a matrix on 3 “sides”:

If L =[\,]is ac; x dy matrix, then the product of L and A is the hypermatrix L - A =

A" = [ay,;,] with
dy
a;jk = Z )\piaijk (51)
i=1

Similarly, if M = [ug] is a ¢ X da matrix, then M - A = A" = [a;,,] with

do
Qoo = D Hgjlijn (5.2)
=1
and if N = [v,;] is a c3 x d3 matrix, then N - A = A" = [aj;,] with

ds3

/

jy = g Vrk Qi (5.3)
k=1

These three formulas can be neatly combined by defining

(L, M, N) A=A = [a;)qr] (54)
with
di do d3
a;qr = Z Z Z )\pi,quyrkaijk (55)
i=1 j=1 k=1

This multiplication is linear in the sense that
(L,M, N) : (OélAl + OéQAQ) = 041<L, M, N) . Al + OéQ(L, M, N) : AQ
for real numbers aq, as and hypermatrices A;, A,, and

(a1L1+a2L27MaN) 'A:al(L17M7N) ‘A+O{2<L27M,N) A
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a112 a122

Q111 Q121

(1212 222

as11 a9221

Figure 5.1: A hypermatrix represented as a cube

and similarly for M and N. The multiplication is associative in that
(L',M',N")-[(L,M,N)-A] = (L'L, M'"M,N'N) - A

provided that the matrices have the appropriate dimensions.

5.2 2 x 2 x 2 hypermatrices and the hyperdeterminant

In the case di = dy = d3 = 2, a hypermatrix A = [a;j;] can be visualized as a cube as in

Figure 5.1.

By “slicing” the cube along a horizontal plane, we can also view A as follows:

111 A112 | Q211 G212

A= = [A1 | A2 (5.6)

G121 A122 | Q221 G222

We can then define a binary quadratic form

2 1 det(A1 + Ag) — det(A1 — Ag)

det(AlX + AQY) = det(Al)X 5

XY +det(Ay)Y?  (5.7)

The hyperdeterminant is then defined to be the discriminant of this polynomial:

det(A1 + AQ) — det(A1 — A2)>2
2

hypdet(A) = ( — 4det(A,) det(A,) (5.8)
= a%ua%m + a%magm + a%zﬂ%m + a%magn — 2(@111a1120221 G222 + (111Q12102120222

+a11101220211 0222 + A11201210212G921 + 11201220221 0211 + A121012202120211)
52



+4(a111012202120921 + 11201210211 0222)
The cube can of course be cut along two other planes; doing so leads to different quadratic
forms, but all three quadratic forms have the same discriminant.

This fact has a useful consequence: the hyperdeterminant is invariant under the two
“transpositions” of the hypermatrix A given by the cyclic permutations a;j, — ay; and
Qijk > Qi

Moreover, if L, M, and N are 2 x 2 matrices, then
hypdet((L, M, N) - A) = det(L)? det(M)? det(N)*hypdet(A) (5.9)
This can be proved as follows: using the representation above we have
(I, M,I)-]A; | Ag] = [MA; | MAs] (5.10)

hence

hypdet((I, M, I) - A) = det(M)*hypdet(A)

By slicing the cube along the other two planes we obtain the analogous result for (L, I, I)-

Aand (I,I,N)- A, so combining these identities proves the general result.

In particular, the hyperdeterminant is invariant under the action of SLy(R) x SLy(R) x
SLy(R).

Finally, referring back to Figure 5.1, we note that the terms in equation (5.8) have
the following interpretation: the four terms in the first group correspond to the four main
diagonals of the cube, the six terms in the second group correspond to the six rectangles
formed by pairs of opposite edges, and the two terms in the third group correspond to the

two tetrahedra whose edges are the diagonals of the faces of the cube.

5.3 A geometric interpretation of the hyperdeterminant

In this section we briefly describe an interesting geometric interpretation of the 2 x 2 x 2

hyperdeterminant. More details and proofs can be found in [GKZ08].
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Let V' be a finite-dimensional complex vector space, and denote by P(V') the correspond-
ing projective space. The set of all hyperplanes in P(V) forms another projective space

P(V)*, which can be identified with P(V*), where V* is the dual space of V.

If X C P(V) is a closed irreducible algebraic subvariety, define XV C P(V)* to be the

closure of the set of all hyperplanes tangent to X. If X is irreducible then XV is as well.

Now suppose that V = C?*2, and identify V with its dual via the bilinear form
(A,B) = Z AijBij
6]

If X, C P(V) is the projectivization of the subspace of V' consisting of matrices of rank
at most 7, then one can show that XY = X,_,.. In particular, if » = 1 then both X; and its

dual are defined by the vanishing of the determinant.

We now recall the Segre embedding P* x P! — P3, which is defined by the map

([z1 = 2a], Y1 92]) = [T1y1 - 21y2 = oy = 22y

in homogeneous coordinates. Omne can check that the image of the Segre embedding is

precisely X7, and so its dual is also X;.

What happens if we instead consider the threefold Segre embedding P! x P! x P! — P7?
In this case the dual variety to the image of the Segre embedding is defined by the vanishing
of the 2 x 2 x 2 hyperdeterminant. In other words, if the hypermatrix A = [a;;;] has

hyperdeterminant zero then the system of six equations

11171Y1 + A121T1Y2 + A211T2Y1 + A221T2Y2
112T1Y1 + A122T1Y2 + A212T2Y1 + A222T2Yo
1112121 + Q1127122 + A211T221 + Q2122222
(1217121 + A122T1 22 + Q221221 + Q2222222
a111Y121 + a112Y122 + Q121Y221 + Q122Y229

211Y121 + A212Y122 + A221Y221 + A222Y222
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has a non-trivial solution. It turns out that the converse is true as well, though the proof is

harder.

5.4 Defining the modular forms

Let K be a totally real cubic field with discriminant A > 0, and let 9 be the different ideal

of K. For each positive integer m, define

Hy (21, 29, 23) = E (az12023 + N 2120 + A2123 + N'2o2s + pay + 2y + 25 4+ b)7F
a,beZ
Apueot
h(avbv)‘a“):_m/A2
AN —au>0
(5.11)

Here z1, 23, 23 € H, and X and \” are the two conjugates of A\. The condition AN — ap > 0
means that A\ — ap is totally positive, i.e. the image of AN — au under the three real
embeddings of K is positive. If K is Galois then 97! is the inverse different of K, while if K
is not Galois then 2! = DZ}M is the relative inverse different, where L is the Galois closure
of K and M = Q(v/A). For the sake of simplicity we will focus on the Galois case in the

next few sections.

In (5.11), h(a,b, A, u) is the hyperdeterminant of the hypermatrix

a A/ A// ILL/
A= (5.12)
A" b
hence
ha,b, A, 1) = (ab— A — N + N'p)® — 4AN — ap) (i 1" — DA”) (5.13)

= a’b® + tr((\)?) = 2[tr(abAp’) + tr(AN @' 1)) + 4[aN () + bN (V)]

This last expression makes it clear that h(a,b, A\, p) is a rational number, but this can
also be seen in the following way: view the 8-tuple (a, A, N, N, u, 1/, 11", b) as a hypermatrix

A which can be represented as a cube as in Figure 5.2.

The two cyclic permutations of the entries of A correspond to A — A" and A — A”, where

A’ and A” are the hypermatrices obtained by conjugating the entries of A once or twice.
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N H

)\l/ M//

Figure 5.2: The cube corresponding to a, b, A\,

Since the hyperdeterminant of A is invariant under these cyclic permutations, it follows that

h(a,b, A, 1) is equal to its two conjugates, hence is a rational number.

The goal of the next few sections is to show that H,,(z1, 20, z3) is a Hilbert modular
form of weight k. We will first check that H,, has the appropriate transformation properties
under SLy(Of) under the assumption that the each term in the series is non-zero and that
the series converges absolutely. In the following sections we will justify these assumptions,
and then in the last section we will show how to adapt the above definition for m = 0 and

that in this case H,, is a multiple of the Hecke-Eisenstein series of weight k for K.

5.5 The transformation properties of H,,

a
Suppose that M = P € SLy(Ok), and denote by M’ and M" the matrices obtained

oA
by conjugating each entry of M once or twice. If we let these matrices act on H in the usual

way, then

Hm(MZh M,ZQ, M”Zg)

= N(yz +0)F E (a* 212023 + N 2120 + N 2128 + N 2023 + 2y 4+ p¥ 29 + 25 + b)7F
a* b eZ
)\*,M*6071

where
N(vz+6)=(y21+0) (Y21 + ) (y"23 + 0")

and
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a* = aN(a) + tr(Aaa”y") + tr(pay'y") + ON (7) (5.14)

b* = aN(B) + tr(ABB"d") + tr(uBd'6") + bN(9) (5.15)

)\* — aaa/l/@/ + AIOC/B/W/” + )\O[Oé”(sl + A//(X///8/7+ ,U,Oé’yllél + /,Llﬁlfyf)/// —0—///61’”"}/(5/ + b’}/’}/”(sl (516)

,u* :aaﬁlﬁll+A/aﬁléﬂ_‘_)\aﬂﬁél‘i_)\//B//B”’Y+,ua5/6”+/11/5/’}/5//+,u//5//75/+b'75/5// (517)

Since a, 3,7, 6 are algebraic integers and \, u € 971, it follows that a*,b* € Z and that
A € 07! (since 97! is a fractional ideal). Moreover, (a*,b*, \*, u*) runs over Z x Z X

07 x 07 as (a,b, A\, p) does.

So (under the assumption of absolute convergence), to complete the proof that H,,
transforms like a Hilbert modular form of weight & we must check that h(a*,b*, \*, u*) =

h(a,b, A, i) and that \*(\*)" — ap* > 0.

First, a (lengthy) computation shows that the hypermatrix A* defined by a*, b*, \*, u* is
obtained from the hypermatrix A defined by a, b, A, u by

A= (MT (MY (M) - A (5.18)
so it follows from (5.9) that the two hypermatrices have the same hyperdeterminant.
Next, another computation shows that
NN —a* = (AN —ap)a? + (A —ab+ Ny — N'p)ary + (@' 1 — b))~ (5.19)
The right-hand side is a quadratic form in o and v whose discriminant is
(ab— Mt/ = Np" 4+ N')? — 4N — ap) (@'’ — bN") = h(a,b, A\, 1) < 0 (5.20)
Therefore this quadratic form always has the same sign. Since it is positive when a = 1

and v = 0, it follows that \*A\* — a*u* is positive as well. If we conjugate the above identity

once or twice, the same argument will show that the conjugates of A*A* — a*u* are positive.
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5.6 Non-vanishing

In this section we will show that the conditions h(a, b, A, 1) < 0 and AN — ap > 0 guarantee

that the expression
az12023 + Nz2120 + A2y23 + N agzg + pzy + 2o + 23+ b

does not vanish in H?.

Suppose for the sake of contradiction that it does vanish for some values of a, b, \, u, 21, 22, 23

satisfying the above conditions. Then we obtain
z1(azazs + N2g + A2z + ) = —(N' 2923 + (20 + p 23 + b) (5.21)

If one side of (5.21) is zero then the other side is zero as well, and the left-hand side then
implies that
z(azz + N) = —(Azz + p)

or

)\23 +u
= 5.22
2 azg + N ( )

Since zo and z3 both have positive imaginary parts, this is only possible if AN — au < 0,
which is contrary to the hypotheses on a, b, A, and pu.

So we may assume that both sides of (5.21) are non-zero. Therefore

N izgzs+ (W zg + 123+ b

5.23
azoz3 + Nzo + A2z + 1 ( )

21 = —

If we define

)\// / " b
B R R R (5.24)
azoz3 + Nzo + Azg + 1

then it is enough to show that Sw > 0, for then we would have Sz; < 0, a contradiction.

And if we write z; = x; + iy; for j = 2,3, then a computation shows that

Sw = P(22)ys + Q(a3)y2 + (AN — ap" )yays + (NN — ap)y3ys (5.25)
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where
P(zy) = WX —ap)as + (N'p—ab — M\ + N ")y + (up” — bA) (5.26)
and

Qas) = W' — ap’)a2 + O\ — ab— X" + X'y + (u —bN) — (5.27)

P(z) and Q(x) are quadratic polynomials, both of whose discriminants are equal to

h(a,b, A, ). Therefore P(x) and Q(z) do not change sign. And since

P(0) = pp”" — b >0
and
Q(0) = ' =N >0
it follows that P(x) > 0 and Q(z) > 0 for all z. Since y5,ys > 0, it follows that every term

on the right-hand side of (5.25) is positive, so Sw > 0.

5.7 Absolute convergence

The goal of this section is to show that if m > 0 then the series in the definition of

H,, (21, 22, 23) converges absolutely for sufficiently large k.

To do so, observe that if (a,b, \, i) satisfies the conditions in the sum defining H,,, then

so does (—a, —b, =\, —p). Therefore

Z lazi 2023 + N 2120 + Az123 + N 2oz + pzy + pzp + (25 + b 7F

a,beZ
Ap€ot
h(a,b,\u)=—m/A?
AN —ap>0

/ " 1 " —k
= E ’)\21224‘)\21234‘)\ ZoZ3 + uz1 + e+ 1 23+b|
beZ
Apueot
h(O,b,A“u,):—m/AQ
AN >0

+2 Z Z laz 2025 + N 2129 + N2y g + N2z + pzy 4 (2o + 1 25 + b 7"
a=1

beZ
Apucot
h(a7b7)\“u):7m/A2
AN —ap>0
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The summand az2923 + N 2120 + Az123 + N 2023 + 21 + 1/ 29 + 11 23 + b can be expressed

in the following three ways (as in the previous section):

)\2’3 + u )\,/2223 + /.1//22 + ,U”Zg +b
X) ( —> ( ) 5.28
<QZ3 + 2t azs + N - azo23 + )\,ZQ + )\Zg + H ( )
)\/22 + M )\”222:3 + M/ZQ + ,u//Z3 +b
A) ( —) ( ) 5.29
(CLZQ + h azg + A at azo23 + >\/ZQ + )\23 + % ( )
Az + ,IL” Nzi29 + Hnz1 + /L/ZQ +b
X (2 + 220 ( ) 5.30
<a21 + 2t az; + N’ Z3+ az12y + Az + N'zg 4+ ( )
Now fix 21, 20, 23 € HI, and let
0 = min{Sz;, 29, Sz3} > 0
Also, by translating we can assume that |Rz;| < % for j =1,2,3.
First assume that a > 0.
Using (5.28) and the estimates
S(azz + N') = S(azz) > ad (5.31)
Azg + 1 Azg + 1 (AN — ap)o
Xty o, Mta) g, OX e 52
‘Z +(1Z3+)\/ _\szg+aZ3+)\’ - lazs + N2 ( )
" !/ " " / "
)z n Nlzgzg + 2o + Z3+b‘ > (5—}—%[/\ Zo23 + [y + [ Z3+b] (5.33)
az923 + Nzo + Azg + 1 az923 + Nzo + Azg + 1

>0+ (AN —ap”)8® + (NN — au')s?

(with the last inequality using the result of the previous section) we obtain

laz12023 + N 2120 + Az123 + N'2023 + pzy + ' 20 + 23 + 0|

AN —ap

1 )\/)\/l o / /\/A// _ /)
—|a23 n )\'|2>( + ap + ap

> (a + |R(azs + /\’)|) (1 +
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Similarly, using (5.29) we get

laz1 2023 + N 2120 + A2123 + N 2023 + pzy + 'z + p' 23 + 0

AN —ap
lazy + A|?

>5 (a + [R(aze + )\)|> (1 - > (1 + NN —ap + NN — au’)

and using (5.30) we obtain

laz12023 + N z120 + Az123 + N'2023 + pzy + i 20 + 123 + 0|

AN — a’u//

>5 ((Z + |§R(CLZ’1 + )\”)l) (1 + m

) <1 + NN —ap’ + AN — au)
Now (still assuming a > 0) for R =1,2,... define

N(R) = #{(a,b, \, 1) : |az12023 + N'2z129 + A2123 + N 2023 + pzy + (20 + 23 + b| < R}

From the estimates above and the fact that A\ — au > 0 we see that there is constant
C such that if

laz12023 + Nz122 + Az123 + N'zozs + pzy + (2o + 23 + | < R
then necessarily
1<a<R  max{]AL[N, [N} <CR max{|ul|, ||, |1} < CR? (5.34)

from which it follows that

N(R) < R"
Therefore
2 Z Z |CL212223 + )\,2122 + )\2123 + )\//2223 + HZ1 + ,LL/ZQ + ,u//Zg + b|_k
beZ
A\u€o~t
h(a,b\pu)=—m/A2
AN —au>0
<<Z R+1 (R)<<iN(R) OORIO—k
Rk
R=1 R=1

which converges for k£ > 12.
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Finally, let us deal with the sum for @ = 0. In this case, since h(a,b, \, ) < 0 it follows

that A # 0 (hence its conjugates are non-zero as well). And now using (5.28)-(5.30) we get
‘)\/2122 + )\2123 + )\”2223 + pnz1 + /1//22 + ,UNZ:J, + b’

)

Ap
> ’)\/’<1+‘y+y

N
A+ 5+ 5))
>s A1+ |1+ 5
A M//
s W11+ |55+ 5

From this it follows that if
IN2129 + Az123 + N'2o2s + pzy + (20 + 23 + b < R
then there is a constant C' such that
max{[A[, [N, N[} < CR - max{|pl, [1/], "]} < CR?

hence

N(R) < R’

hence once again k > 12 guarantees that

Z |N 2129 + Az123 + N 2gzs 4+ po + pzg + 25 + b 7F < 00

bezZ
Apco!
h(07b7)‘7/“b):7m/A2
AN >0

Thus we have shown that H,,(z1, 22, 23) converges absolutely if k£ > 12.

5.8 The case m =0

The definition of H,, is slightly different when m = 0: we now define

/
Ho(z1, 22, 23) = Z (az12923 + N 2120 + Az1zg 4+ N 2oz + pzy + pzg + (25 + b)7F

a,beZ
A\pu€o~t
h(a,b,\,1)=0
AN —apu=0
pp'’ —bA=0
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The prime on the summation means that the quadruple (0,0, 0,0) should be omitted.

The condition puu” — bA = 0 may seem new, but if we recall that
h(a,b, A, i) = (ab— Mt = N + X'1)* — 4N — ap) (1 u" — bA")

we see that in the case m > 0, h(a,b, A\, 1) < 0 and AN — ap > 0 together imply that
" — bA > 0 as well. So in the case m = 0 it is natural (and useful) to include this

condition.

Let us first see what the conditions h(a, b, A\, u) = AN — ap = pp” — bA = 0 imply. First,
since

h(a,b, A, p1) = (ab — Mt = N+ N'p)* = AN = ap) (u'p" — bA")

it follows that
ab— M = Np" +XN'pu=0 (5.35)

and conjugating this expression yields
ab—Np" = N'p+ ' =0 (5.36)

Adding these two expressions and dividing by 2, we obtain

ab—XNp' =0 (5.37)
which in turn implies that
Np— ' =0 (5.38)
So we now know that
M =au Nu'"=ab Np=/ b= puu" (5.39)

Multiplying the first condition by \”, we get
N\ =auN' =a*b € Z (5.40)
and summing the three conjugates of the first condition yields

AN AN+ NN = atr(p) € Z (5.41)
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Therefore the coefficients of the minimal polynomial for A are integers, so A is an algebraic
integer. Similarly, we can use the last condition to conclude that u is an algebraic integer.
So the definition of Hy can be rewritten as

/
Hy(z1, 22, 23) = Z (az12923 + N 2120 + A2z + N'2azs + iz + pWog + (2 + b)7F

a,bEL N ek
N =au, pp' =b
N =ab, N p=Ap’

Now we will show that H is a multiple of the Hecke-Eisenstein series for K. First let us

briefly recall the definition of these series, following the exposition in Zagier’s paper:

If K is a totally real cubic field and ¢ is an ideal class of K, define

Ei(z1, 29, 235 ¢) = 2N (a)* Z [(e21 + ) (2 + 1) (" 25 + 1) 7* (5.42)
(e.m)€(axa\{(0,0)})/OF

where a is a fractional ideal contained in ¢. The Hecke-Eisenstein series of weight k for K is

then
Ey(z1, 22, 23) ZEk 21, 22, 233 €) (5.43)

with the sum running over all ideal classes in the class group. For the proof that Hj is a

multiple of Ej, it is useful to decompose Ej, is a slightly different form: define

E; (21, 20, z3;¢) = 2N (a)* Z [(ez1 + ) (g2 + 1) ("2 + 1)) 7F (5.44)

ged(e,m)=a
where a is again a fractional ideal in ¢, and the sum is over non-associated €,n7 € K such

that the greatest common divisor ged(e,n) of € and 7 is equal to a. Using E}, we can write

Ej(21, 22, z37¢) = 2N (a Z Z (ez1 +n) ("2 + ) ("2 + ") 7"
b ged(e,n)=ab

= 2N(a)" ) "[2N(ab)¥] 7! B} (21, 22, 23; [ab]) ZN )R E} (21, 22, 735 ¢[b])
b

where b runs over all non-zero integral ideals. Hence

E Zl7z2723 E Ek 21,2’2,23, )

=3 ) N(b) " E;(21, 22, z3; ¢[b]) = (e (k) > Ej(21, 22, z3:¢)

c b
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where (x(s) is the Dedekind zeta function for K.

On the other hand,

/
! " / " —k
Ho(z1, 22, 23) = E (az12923 + N'z129 + Az 2 + N2z + pzy + 'z + 125 + b)
a,bEL M NueOk
AN =au, pp' =b
N p'=ab, N p=Ap’
oo
—k / " ! " —k
= g r g (az12023 + Nz120 + Az125 + N 2ozg + oy + p' 2o + 23 + 1)
r=1 a,b,\,p primitive
M =au, pu' =bX
Ny =ab, N p=Xu’
— g( ) (217 29, 23)
where primitive means that no integer divides all of a, b, \, . If we then define
/ " / " —k
Hi (21, 22, 235¢) = g az12923 + Nz129 + Az123 + N'2023 + pzy + (2o + 23 + 0)
a,b,\, 1. primitive
ged(a,\")ec

AN =au, pp' =b
)\’,u":ab, A//M:)\Ml

then
Ho(z1, 22, 23) = ((k)Hg (21, 22, 23) = ZH 21, 22, 23} €)

Hence if we can show that
HS(Zh 2924 %35 C) - EZ(’Zl? 22, 23, C)

then it will follow that

(k)
Cx (k)

H0(21,22723 ZE 21,2’2,2‘370 Ek(zlaz2723)

In order to show that H{(z1, 22, 23;¢) = Ej(z1, 22, 23;¢), define S to be the set of all
(a,b,\, 1) € Z* x O3% satisfying the conditions in the sum defining H(z1, 29, 23; ¢), and
define

T ={(e;n) € (axa\{(0,0)})/Ok : ged(e, n) = a} (5.45)

Define a map ® : S — T as follows: given (a,b, A\, u) € S, if b # 0 then at least one of

the fractions

/
& _X_ % (5.46)



is well-defined. Since ged(a, \”) € ¢, it follows that we can represent this quotient as a

fraction % with z,y € a.

Since ged(z, y) is contained in a, which is an element of ¢, it follows that ged(z,y) = (w)a
for some w € K*. Both z and y are divisible by w, hence ¢ = £ and n = £ are in a and

have ged a.

Moreover, the conditions % = v = & and ged(e,n) = a define £ and 7 up to multiplication

by a unit, so define ®(a,b, A, 1) to be the class of (¢,71) in T.

If b =0, then A = u = 0 as well, and then the primitivity condition implies that
a = £1. Also A = 0 implies that ged(a, \”) is principal, i.e. ¢ is the identity class. So define
®(+1,0,0,0) = (&,0), where (¢) = a.

Now let us show that ® is surjective:

Suppose that the ordered pair (¢,7) represents a class in 7. We have just seen that if
n = 0 then (£,0) is the image under ® of an element of S, so assume 7 # 0. Choose a

non-zero integer b; such that

55//

A =b—, €Ok (5.47)
and
= b1% €Ok (5.48)
If we define a; by
N(e)

albl = )\1//1 = b2 (549)

"N (n)
then a; € Q. Choose a non-zero integer m such that a; = ma; € Z, and define by = mby,

Ao = mAy, and py = mui. Then (ag, by, Ao, tia) € Z* x O% with

as ar

15
)\/2/_/\/1/_171_77

Also
Ny €ea N(naz €a
so ged(agz, \y) € ¢.

Therefore we can factor out any common integer divisor of as, bo, A9, 1o to obtain an

element (a,b, A, u) of S with ®(a,b, A\, ) = (e,m). So ¥ is surjective.
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Next, ® is 2 — 1: we will show that ®(aq, b1, A1, 1) = P(ag, be, Ao, p2) if and only if
(al, bl, )\1, ,ul) = :l:(CLQ, bQ, )\2, ,LLQ)

Suppose that ®(aq, by, A1, 1) = P(ag, by, A2, p2). Once again we can assume that by, by #

0. Then
I B R T N
by by MoA G
Let by be the ged of by and by, and define
bo by b

Mo = b—/,Ll )\0 = —/\1 ap = 7—aq (550)
1

There exists r, s € Z such that by = rb; + sby, hence

rby + sb b
Ho = —1b = :7"/11+8b—2/i1 :7’/11“‘352% =rp + spp € Ok
1 1 2
and similarly
b b
Ny = %A’l =7\ + s\, € Ok
1
and
ap = ra; + sas € Z
Therefore we obtain a new quadruple (ag, by, Ao, f10) With
b
(al,bl, >\1,M1) = b_l(a()abOJ )‘OJMO) (5'51)
0

Since Z—é € 7, the primitivity condition on (a1, by, A1, 1) implies that Z—; = +1.
Similarly we obtain Z—i = +1, so (a1, by, A1, 1) = £(az, be, Aa, i12).

So we have shown that ® is 2 — 1 and surjective. And if ®(a,b, A\, u) = (¢,n), then
(ez1 +n)(E 2+ 1) ("2 + 1)

=n(az12023 + Nz120 + Az123 + N 2023 + 2y + (20 + 23 + b)
with n € Q*. The primitivity of (a,b, A, x) implies that n € Z, and then |n| is the largest

integer dividing

ng(€€/€”,86’77”,88”77/,5/8”77,677/77”,8,7777”,8”7777,,7777/77//)
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1N 11 /.1

= ged(e(ee”, " "' n'n"), n("e" e "' n'n"))
ng(é‘, ,'7) gcCl(g/(g//’77//)’7]/(8//7 n//))

= ged(e,n) ged(e', ') ged(e”, ") = ad’a” = N(a)
Therefore n = £N(a). Combining all of the above, we obtain
HS(Zh 22, %3, C) - EZ('ZD 22, 23 C)

which completes the proof.
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CHAPTER 6

Modular Forms for Cubic Fields: One variable

In this chapter we construct a family of one-variable modular forms which should be related
to the forms of the previous chapter in a manner analogous to the way the modular forms
fr.a in section 4.6 are related to the Hilbert modular forms w,,. We also provide two different

expressions for the Fourier expansions of these forms.

6.1 Definitions

Let A > 0 be a cubic discriminant, and k > 8 an even integer. Define

hia(z) = Z (az® +b2* +cz+d)™" (6.1)

a,b,c,deZ
disc(a,b,c,d)=A

Here z lies in the upper half plane H and
disc(a, b, ¢, d) = —27a*d* + 18abed — 4ac® — 4b*d + b*c?

is the discriminant of the cubic polynomial aX? + bX? + cX + d.

Recall that if A > 0 then the polynomial aX? + bX? 4 ¢X + d has distinct real roots,
hence each term in the series is non-zero. Therefore, if the series converges absolutely then

fr.a is a holomorphic function on H.

Ify= b is an element of SLy(Z), then the map z — 7z sends az® + bz% + cz +d to

(rz+8)2(a*2® +b* 2> + c* 2 + d¥)

with
a* = ap® + bp*r + cpr?® + dr® (6.2)
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b* = 3ap?q + b(p*s + 2pqr) + c(2prs + qr?) 4 3dr’s (6.3)
¢ = 3apq® + b(2pgs + ¢*r) + c(ps® + 2qrs) + 3drs® (6.4)
d* = ag® + bg®s + cqs* + ds® (6.5)

Since the discriminant is an invariant of the action of SLy(Z) on binary cubic forms, it
follows that if the series in (6.1) converges absolutely, then hg a(z) transforms like a modular

form of weight 3k.

6.2 Absolute convergence

In this section we will prove that the series (6.1) converges absolutely for even integers k > 8.

First observe that if v = b is an element of SLy(Z), then

Z la(v2)® 4+ b(72)? + c(yz) + d| 7% = |rz + s|?* Z laz® 4+ b2 4+ cz +d| ™"
a,b,c,deZ a,b,c,deZ
disc(a,b,c,d)=A disc(a,b,c,d)=A
by Tonelli’s theorem. Therefore we may assume that z lies in the standard fundamental

domain for the modular group, i.e. z =z + iy with |z| > 1 and |z| < L.

Next, note that if a term (a, b, ¢, d) appears in the sum, then so does (—a, —b, —c, —d).

Therefore

Z laz® + b2+ cz+d|F = Z b2 + cz 4+ d|F

a,b,c,deZ b,c,deZ
disc(a,b,c,d)=A disc(b,c,d)=A

o
—l—QZ Z laz® + b2 + cz +d|F
a=1 a,b,c,deZ
disc(a,b,c,d)=A
The first sum is essentially the modular form fi(A, z) defined in section 4.6, so is known

to converge for k > 4.

For the second sum, fix a > 1 and consider

Z laz® + 022 + ez +d|*

b,c,deZ
disc(a,b,c,d)=A
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The discriminant condition is difficult to work with, so we will use only the fact that
disc(a,b,c,d) > 0. Therefore let N,(R) denote the number of triples (b,c,d) such that
disc(a, b,c,d) > 0 and |az® + bz? + cz + d| < aR.

Write
laz® + 022 +cz+d| =alz — |- |z — 1| - |2 — 73]
1 1 1
= al(z —m)* + 72 [(x — r2)® + 77 [(x — rs)* + 42
where the roots r; are real and distinct.

Each of the three terms in the product is bounded below by y, and y > \/75 since z lies in

the fundamental domain. Moreover, if R > 1 and |r;| > R, then
1
o =yl 2 |rjl = |2 = 5l

since |z| < 5. Therefore N,(R) is bounded above by a constant multiple of the number of

1
2
triples (b, ¢, d) such that all three roots r; of (a, b, ¢, d) satisty |r;| < R.
Consider such a triple, and let p(t) = at® + bt? + ¢t + d. Then by Rolle’s theorem,
p'(t) = 3at® + 2bt + ¢ has two distinct roots, which also lie in the interval [—R, R]. By the

quadratic formula, these roots are

—2b + /4b? — 12ac B —b+ Vb — 3ac
6a a 3a

Since the roots are real and distinct, the discriminant ? — 3ac is positive, which implies

that
bQ
< _—
¢ 3a
Moreover, by adding the two roots, we obtain
206 ‘ —b+ Vb% — 3ac N —b— Vb2 — 3ac
3a 3a 3a

Vb2 — 3ac
3a

_ 2 _h
S‘ b+\/3b 3ac +‘ b <9R
a

hence
1b| < 3aR
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On the other hand, subtracting the roots yields

2v/b* — 3ac ’—b—i- vV b?% — 3ac B —b— b — 3@0’
3a N 3a 3a

_ 2 _ _h S
§’ b+ vb* — 3ac +‘ b—Vb*>— 3ac <9R
3a 3a
Therefore
/p2 —
b? — 3ac <R
3a -
and squaring both sides shows that
b? — 3ac < 9a*R?
or
2 _ 0,2 P2 2 2
c_b 9aR>_9aR:3aR2

3a - 3a

We already know that ¢ < %, and since |b| < 3aR it follows that

c| < 3aR?

Finally, let us consider the possible values of d. If d > 7aR3, then since
at’ > —aR®  bt* > —3aRt* > —3aR® ct > —3aR?
on [—R, R] it follows that
p(t) = at’ + bt> + ct +d > —TaR* + TaR® > 0

on [—R, R], which is a contradiction. Similarly, there is a contradiction if d < —7aR3.
Therefore |d| < TaR3.

Thus we have shown that there are O(aR) choices for b, O(aR?) choices for ¢, and O(aR?)
choices for d, hence N,(R) = O(a®R®). This proves that

#{(b,c,d) : |az® + 02> + cz +d| € (aR,a(R+ 1)]} < N(R+1) = O(a’R") (6.6)

Therefore
Z laz® +b22 +cz+d|™F < Z laz® + b2% 4+ cz +d|™*
bc,deZ be,deZ
disc(b,c,d)=A disc(a,b,c,d)>0
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kz R+1 3kZRk6

since k > 8, hence

i Yoo e+ b ez td T < ia?’k <00
a=1

a=1 a,b,c,deZ
disc(a,b,c,d)=A

6.3 Fourier expansion

Let A > 0 be a cubic discriminant, and k£ > 8 an even integer. In the next few sections we

will compute the Fourier coefficients of

hia(z) = Z (az® + 02> +cz+d)7F (6.7)

a,b,c,deZ
disc(a,b,c,d)=A

where as usual z lies in the upper half plane H and
disc(a, b, ¢, d) = —27a*d* + 18abed — 4ac® — 4b%d + b*c?

is the discriminant of the cubic polynomial az® + bz? + cz + d.

Once again splitting up the sum according to the value of a, we obtain

hia(z) = E (b2* +cz+d) " +2 E E (a2’ + b2 +cz+d)™"  (6.8)
b,c,deZ a=1 b,c,deZ
disc(0,b,c,d)=A disc(a,b,c,d):A

For r € Z, the rth Fourier coefficient is then

i+1 )
¢, :/ hkA( )6727r1rz dz

- ¥ / (b2 + 2 + d) e 2 @

b,c,deZ v
dlsc(O b,c,d)=A

+2 Z Z / az® +b2° + ez +d) Fe " dz

a=1 b,c,deZ
dlSC((Z b,c,d)=A

since the series converges locally uniformly.
The first term can be computed just as in section 4.6. So from now on, we will assume

that a > 1.
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6.4 Extending the integral

We now consider a, A > 0 to be fixed. The first step is to extend the integral from a line

segment to an entire line, which makes shifting contours easier. Let

1 n
rw:{ :nez}
0 1

Elements of I'o, act on H by mapping z to z-+n, which has the effect of sending az3+bz2+cz+d

to az® + b*2% + ¢*z + d*, where

b = b+ 3an (6.9)
¢* = c+ 2bn + 3an® (6.10)
d* = d+ cn +bn® + an® (6.11)

We can now write (for a fixed a > 0)

Z / (az® + 2% + cz + d)Fe 27 4y

b,c,deZ ¢
dlsc(a b c,d)=A

= > / D la(z +n)® +b(z +n)* + c(z +n) +d] Fe " dz

(b,e,d) mod T'oo neZ
dlsc(a b,c,d)=A

1400 )
= E / [a2® + b2 + cz +d) Fe " dz
(bye,d) mod T ¥ "7
dlsc(a b,c,d)=A

where (b,c¢,d) mod ', means that the sum runs over a set of representatives of the

I'.-equivalence classes of cubics az® + b2% + cz + d for a fixed a.

Since ™2™ = 7 2mrT 21y and ¢ > 0, if r < 0 then we can shift the contour toward ioo,

so the integral vanishes. So we are left with » > 1.
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Now make two changes of variables in the integral. First, replace z with z — 3%, so that

az® + bz + ¢z + d becomes

a(z—g%)3+b(z—3%>2+c(z—3%>+d

3 3ac — b? 2b3 — 9abe + 27a%d T AV Aq

zZ+ =az’ — —=z+

= az

3a 27a? 3a 27a?
where
Ay = b* — 3ac (6.12)
and
A; = 2b® — 9abe + 27a*d (6.13)

Therefore after making the change of variables, we have

i+oo . 2mirb i+oo AO Al —k .
/ [az® 4+ b2 + cz +d] e ™™ dy = ¢ 3a / (az3 - —=z+ —2> e 2 dz
1—00 i—00 3a 27a
—w 3_ Ao Ay ,=2(3 _ Ao A
Next, set 2 = 2, so that az 2oz 4 5dy = a”H(w 22w + 53), hence
‘ i+o0 A A K . 1400 A Aq\ —k ;
2mirdb 9 0 1 _ . _ 2mirdb 0 1 _ 2mirw
€ 3a <a25——z+—2) e 2%y = q** e 5 <w3——w+—) e o dw
oo 3a  27a oo 3 27

Before attacking this last integral, let us find a convenient set of representatives for the

I'-equivalence classes of cubics az3 + bz% + cz + d.

6.5 Representatives for I',-equivalence classes

Throughout this section, A and a will be fixed positive integers.
Suppose that two cubic polynomials az® + bz? + cz + d and az® + b*2? + ¢*z + d* having
discriminant A are I',-equivalent. Then there is an integer n such that

az’ + 022+ 2+ d* =a(z+n) +b(z+n) +c(z+n)+d

and from equations (6.9)-(6.11) we know that b* = b + 3an, ¢* = ¢ + 2bn + 3an?, and

d* =d+ cn + bn® + an’.
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Now once again let Ay = b*> — 3ac and A; = 2b* — 9abe + 27a%d, and observe that

Ay = 2b(b* — 3ac) — 3a(be — 9ad) = 2bAg — 3a(bc — Yad) (6.14)

Let Af, A} be the corresponding polynomials in a, b*, c*, d*. Then we have

Al = (b+ 3an)® — 3a(c + 2bn + 3an?) = b* + 6abn + 9a*n* — 3ac — 6abn — 9a’n?

=% —3ac = A,
and
AT = 20" A — 3a(b*c* — 9ad”)
= 2(b+ 3an)A¢ — 3a[(b + 3an)(c + 2bn + 3an?) — 9a(d + cn + bn® + an®)]
Since

(b+ 3an)(c+ 2bn + 3an?) — 9a(d + cn + bn® + an®)
= bc + 2b°n + 3abn® + 3acn + 6abn® 4+ 9a*n® — 9ad — 9acn — 9abn® — 9a’n?
= be — 9ad + 2b°n — 6acn = be — 9ad + 2n\

it follows that
A} = 2(b+ 3an)Ag — 3al(b+ 3an)(c + 2bn + 3an®) — 9a(d + cn + bn® + an®)]

= 2bA¢ + 6anA¢ — 3a(bc — 9ad) — 6anl

= 20Ag — 3a(bc — 9ad) = A,

Therefore we have shown that if two cubic polynomials az® +bz? 4 cz+d and az +b*2% +

c*z + d* are I'-equivalent, then

b* =0 mod 3a, Af = Ay, Al = A (6.15)

Conversely, suppose that two cubic polynomials az®+bz?+cz+d and az® +b* 2% +c* 2z +d*

satisfy the three conditions in (6.15).
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Then since b* = b (mod 3a), there is an integer n such that b* = b + 3an. And because
Aj = Ay, we have

o (b*)2 = Ay (b+3an)* — Ay b* + 6abn 4 9a’n® — b* + 3ac
B 3a B 3a B 3a

= ¢+ 2bn + 3an’®

and then since A} = Ay, we get
A —2(0°)° + 9a*b*c* Ay —2(b+ 3an)? + 9a(b + 3an)(c + 2bn + 3an?)
27a? N 27a?

20° — 9abc + 27a%d — 2(b 4 9ab’n + 27a*bn? + 27a*n?) + 9a(b + 3an)(c + 2bn + 3an?)
27a?

=d+ cen + bn? + an®

d =

after some straightforward but tedious simplifications.

Thus we have shown that b* = b+ 3an, ¢* = ¢+ 2bn+ 3an?, and d* = d+ cn + bn? + an?,
which means that the cubic polynomials az® + 2% + cz + d and az® + b*2? + ¢*z + d* are

['-equivalent.

Finally, let us consider which integers Ay, Ay appear as above. From writing
3A = 4(b* — 3ac)(c* — 3bd) — (bc — 9ad)? (6.16)
it follows (after some algebra) that A, Ay must satisfy

AT — 4N = —27a*A (6.17)

If we are given integers Ay, A; such that A2 —4A} = —27¢*>A, must they be I',-invariants

of some cubic polynomial az3 + bz? + cz + d? If we require that there is some b (mod 3a) for

which
Ay = b (3a) (6.18)
and
A = b(3A¢ — b*) (27a%) (6.19)
then we can write Ay = b* — 3ac for some integer ¢, and A; = 3bAy — b + 27a%d =

2b3 — 9abc + 27ad for some integer d, and then Ay, A; will be I'-invariants.
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Hence the Fourier expansion (for @ > 1) now has the form

D

ok—1 2mirb Hoo Ay A\ F  2rirw
E a 5 e 3a g w——w+— e o« dw
p oo 27

b mod 3a Ag=b? (3a) A1=b(3A0— b2 (27a%)
403~ A2—27a2A

6.6 The residue computation

Having now chosen a convenient set of representatives for the 'y -equivalence classes, we

now want to evaluate the integral

TiT i+oo A A —k TiTW
a5 / (w3 — ?Ow + 2—71) e dw (6.21)

| — 00

While we are ultimately interested in even integers k£ > 8, the integral above converges
even when k& = 1 since the cubic polynomial has real roots. So we will start by considering

the integral

2mirb itoo 3 AO Al -1 2mirw
ae 3a w ——w—l——) e o dw
/Z ( 3 21

and later repeatedly differentiate this integral with respect to A;.

j— 00

Begin by writing

VAN, A
w’ = =~ +2—7—(w—r1)(w—r2)(w—r3) (6.22)

The discriminant of this cubic is

so order the roots ry, 19, r3 such that

(r1 = r2)(r1 — 73)(ra — 13) = aVA (6.23)

2mirw _ 2miru  27rv

Ifw=u4wwithov>0,thene "« =e "« e« ,and since r,a > 0 we can shift the

contour of integration to —ico to obtain

, 1400 A A )
2mirdb 0 1\ _ 27mirw
ae s / (W — =w+ =) e e dw
%

) — 00



_ 27mirw

—7r)(w —719)(w — 73)

3
27irb .
= —ae 3« 2mi E Resy=r,
: (w
7j=1

_ 2mirry _ 2mirry _ 27rir'r3
= —27riae27?r>izrb [ € - + c - + c ]
(7“1—7”2)(7”1—7“3) (7”2—7“1)(7"2—7”3) (7“3—7’1)(7‘3—7"2)
2mirry 2mirrg 2mirrg
aminy (rg —7T3)€” @ — (11 —7r3)e” o 4 (rp —ry)e” a

= —2miae 3a
(11 —ra)(ry —73)(r2 — 73)

To handle the numerator, expand the three exponentials out in a power series:

m! J
m=0
_ 2mir\m
Collecting terms containing ( - " leads to

_ 2mirry _ 2mirry _ 2mirrg

(ro—r3)e” a —(rp—r3)e o +(rp—ry)e @
o (_2minym
=y =" (ra = r3) = 13" (re = r3) + 15’ (1L — r2)]
e~ ml
Next, observe that
rit rp 1

[P (re —13) — 15" (1 —13) 15" (1 —12) = |rP ory 1
2

m
rgt ry 1

and similarly

(ri—mro)(r —r3)(ra—13) = |r2 1y 1

ra ory 1
Therefore the quotient
ritory 1
ryt ry 1
ryt Ty 1
Sm(T1,79,73) =
r? o 1
ra Ty 1
T§ rg 1
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is a symmetric polynomial in ry, 79,73 (called a Schur polynomial), and we have

_ 1400 A A )
2mirdb 0 1\ _ _ 27mirw
ae 3a / (W — =—w+—=)"e e dw
%

—0o0

3 2mirb - a
= —2miae 3 Z Tsm(rl,rg,rg) (6.27)

m=0
This representation has the disadvantage of being expressed in the roots of the polyno-
mial, while we would like a formula in terms of the coefficients of the polynomial. But as we

will see in the next section, this can be fixed.

6.7 Schur polynomials

Given variables x1,...,z, and a partition A = (Ay,..., \,) of an integer m with A\; > Ay >

<o+ >\, > 0, define the Schur polynomial

1 _
Pl a2 A
A+n—1 Ao+n—2 A
332 12 P 3’;2”
x21+n71 $22+n72 $2n
sx(x1, ..., z,) =
-1 —2
T Ty 1
-1 —2
T T 1
n—1 n—2
), x, 1
sx(x1,...,2,) is a symmetric polynomial in the x; because it is the quotient of two

alternating polynomials, and hence can be expressed in terms of the elementary symmetric
polynomials in the x;. The identity relating the s, to the elementary symmetric polynomials

is called the second Jacobi-Trudi formula, and works as follows:

Given a partition A\ as above, define a conjugate partition A by reflecting the Ferrers

diagram of A about its diagonal. Let ¢ be the length of X', i.e. the number of non-zero terms
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in \'. The Jacobi-Trudi formula (see Appendix A of [FH91]) states that

sx(xq, ...

Here e; is the jth elementary symmetric polynomial in x4, ..

e;j=0ifj<0orj>n.

Specializing to the situation of the previous section, we have n = 3 and A = (m,0,0), so

N'=(1,1,...,1) (m times). Therefore

, Tn)

6)\/1

ex,—1

X, —0+1

X +1

6/\/2

N, —+2

EX+e—1

X, +E—2

6)\2

., T, with the convention

0 es e3 O 0 0
1 0 ()] €3 0 0
0 1 0 €9 €3 0
S(m,o,o)(7’1,7“2,7’3) =
00 0 O 0 1 0
using the fact that eq(ry,72,73) = 0. Since eg(r1,79,73) = —%1 and e3(ry,ro,r3) = —%, we

have expressed s(m,0,0) as a polynomial in Ag and A;.

Moreover, the polynomials s, 0,0y obey a recurrence relation: expanding the above de-

terminant along the first row, we obtain

S(m,0,0) = —€2My + ez M,

where M, My are (m — 1) x (m — 1) minors of the matrix. The first column of M; is | |,

and expanding along this column we obtain the determinant defining s(,—2,0,0)-
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Similarly, the first two columns of M; are || and | (|, so expanding along these columns

0 0
yields the determinant defining s(,,—30,0). Therefore

8(m,0,0) = —€28(m—2,0,0) T €35(m—3,0,0) (6.29)

for m > 3, which along with s 00y = 1, 5(1,00) = 0, and 52,09y = —e2 allows us (in principle)

to compute S, 0,0 for all m.

6.8 Putting it all together

Using the result of the previous section, we can write

) i+00 A A -1 )
2mirdb 3 0 1 _ 27mirw
ae 3a w——w—l——) e« dw
/i ( 3 27

—0o0

2mirb > (_27ri7’)m
= —2miae 3 ZTPm(AmAJ

m=0

where p,,,(Ag, A1) is the polynomial in Ay and A; determined by s, (71,79, 73). Therefore

1400
_ 2mirb AO Al _ _ 2mirw
a1 / (w?® + =) e e d
A

€ 3a _

3 VT o7 v

—00

_ a?k—227k—1 dk—l |:a62’;:b /i+oo(w3_ ﬁw_kﬁ)—le—%% y
(k—=1)! aak! i—oco 3 27
27rz'a2k7162’;:b27k71 dF1 (_M)m
= — D (Do, Ar)
(k—1)! dAk1 —  ml
If we denote this last expression by
eQEijk(r, a, Ao, Aq) (6.30)
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then the portion of the Fourier expansion coming from the terms with a > 1 has the form
o

Z 6$ Z Z jk(rv(Z?AO)Al) (631)

a=1 b mod 3a Ao=b? (3a) A1=b(3A0—b?) (27a?)
4A3—-A3=27a%A

The order of the sums can be changed to isolate the trigonometric sum, leading to

Y2 > idna e Ay > e*5’ (6.32)

a=1 AgEZ VANRSY/ b mod 3a
4A3—A2=27a%A Ao=b? (3a)
A1=b(3A0—b?) (27a?)

6.9 Another approach to the “Bessel” function

A different expression for the function jx(r, a, Ag, A1) can be obtained using Cardano’s for-

mula for the roots of a cubic. Given az® + b2% + cz 4+ d with a > 0, write

az’ + b2 +cz+d=alz—1)(z—1)(z —13)

where
r = _5(6 +C + %) (6.33)
ry— _3_a (brwot 22) (6.34)
=g (b + w0 + A—C) (6.35)

Here w = €73 is a primitive cube root of unity, Ay and A; are defined as above, and

i/Al + —27a2A
2

C = (6.36)

There are three choices for the cube root in the definition of C, but the particular choice
that is made is not especially important, as all three cube roots appear in equations (6.33)-

(6.35) above. For simplicity, we will assume that the cube root is chosen so that

a*(ry — 1) (r — 73)(ra — 73) = VA (6.37)

Now shifting contours as in section 6, we obtain

—2mirz

1+00 2
/ (az® +b2* + ez +d) e ™" dz il Z Res,—, c
i (Z - Tl)

e (z—=719)(z —1r3)
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27.”' 6727”'1"7”1 6727m'rr2 6727rirr3 i|

- [(7’1 — 1) (11 — 73) " (ra —71)(r2 —73) " (rs = r1)(rs = 12)

27

= — ) [(r2 _ T3>6—2m'rr1 - (7,1 _ 7,3)6—2m‘rr2 + (7,1 o T2>e—2m'rr3}

a(ry —ro)(ry —r3)(re — r3

2m1 , , A
_ ma |:(r2 . T3)6—27rzrr1 . (Tl _ 7‘3)6_27””“2 + (,',,1 . 7,2)6—27rzrr3:|

VA

Now recall from [WW96] the generating function for Bessel functions of integer order: if

z,t € C with ¢t # 0, then

Using equations (6.33)-(6.35) then yields

= 2mir :62’;2”6%(\}%—0—@) _ amin io: Jm<47T7”\/A0>< iC >m

and similarly

&

e =22 — 62752;[’6#2’7“\/?( He %) — % Z Jm<4mn > (MC>
3a VAo

m=—0o0

and

2nry/Ag leC vV 0 S~

~amirry _ 2Erb T e (g Tiare) _ R Z g (47”"\/ ><W C)
VA

e

m=—00

Making another use of equations (6.33)-(6.35), it follows that

2mia
VA
2T 2mirk A - 4Ary/ Ao

|:(7,,2 _ T3>6727m'7“7“1 _ (7,1 o T3)€727rirr2 + (Tl o 7a2>6727ri7“7"3:|

=—Mw{<w2—w}c+[w—wﬂﬁ> > (5 (s

m=—00

([ —wlO 1 Z I (WF)(yAEO)

F(lw - 10 + W - 122 i . (4””\:_)(2\"/”1_(2)””]

m=—0oQ
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The coefficient of J,, inside the brackets is

,L'mcm-i—l Z’mcm—l
- w2 W™ — wm+2 _'_w2m+1 _ w2m 4 - w— w2 L™ — merl +w2m+2 _ w2m
AZ Az

The expression inside the first set of brackets is zero unless m = 2 (mod 3), in which case
it is equal to 3(w? — w). Similarly, the expression inside the second set of brackets is zero

unless m = 1 (mod 3), in which case it is equal to 3(w — w?).

Therefore setting m = 3v + 2 or m = 3v + 1, we finally obtain

26 amir [, SN A 0L S 4/ A ) I CBY 4/ A
S () Y e (TR oty 3 TS g (M)
\/Ze ’ |:(W W) o A?Jrl 3 +2< 3a >+(W w )v:—oo suz ! sutt 3a

Notice that the choice of cube root in the definition of C' is now irrelevant.

6.10 The case A =0

Finally, let us consider hyo(2). As with the m = 0 case in the previous chapter, the definition

is slightly different: define

hio(z) = Z/ (a2 +b22 +cz 4+ d)7* (6.42)

a,b,c,deZ
disc(a,b,c,d)=0
b2 —3ac=0=c?—3bd

where as always the sum omits the term a =b=c=d = 0.

The reasoning for the extra conditions is similar to that of the previous chapter: if

disc(a, b, ¢, d) > 0 then we have seen that necessarily b*> — 3ac > 0, and since
3 -disc(a, b, ¢, d) = 4(b* — 3ac)(c* — 3bd) — (bc — 9ad)? (6.43)

it follows that in this case ¢*> — 3bd > 0 as well. In the case disc(a, b, c,d) = 0, however, it is

convenient to include these extra conditions.

We will show that hyo(z) is a modular form by showing that it is a multiple of the
Eisenstein series of weight 3k for SLy(Z). First observe that the conditions in the definition

of ho(z) are homogeneous in a,b, ¢, d, and so we can write

hio(z) = C(k) > (@4 +eztd) (6.44)

ged(a,b,c,d)=1
disc(a,b,c,d)=0
b2 —3ac=0=c?—3bd
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Next, the conditions ged(a, b, c,d) = 1, b*> = 3ac, and ¢® = 3bd imply that ged(a,d) = 1
and (from (6.43)) that bc = 9ad. Since b and ¢ are divisible by 3, write b = 3b" and ¢ = 3¢/,
so that now

V)2 =ad ()P =Vd bd=ad (6.45)

Let p be a prime dividing a. It then follows that p divides ¥, hence divides ¢/, and
therefore that p?|b’ since p does not divide d. It then follows from V¢ = ad that p3|a, and

so a is a perfect cube. Similarly, one can show that d is a perfect cube.

Therefore we can write a = m?® and b = n® for integers m,n with ged(m,n) = 1, and

then it is easy to check that ¥ = m?n and ¢ = mn?. Therefore (6.44) becomes

_ L S(R)
hio(:) = k) D (ma+m)™ = ZsCz) (6.46)

ged(m,n)=1
where

Gar(z) = Y (mz +n)~*

mne”

is the Eisenstein series of weight 3k for SLy(Z).
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