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Abstract
Degenerations of Negative Kahler-Einstein Surfaces
By
Holly B Mandel
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Song Sun, Chair
Aubin and Yau |2, 23| proved that every compact Kéhler manifold with negative first Chern
class admits a unique metric g such that Ric(g) = —¢. Understanding how families of these
metrics degenerate gives insight into their geometry and is important for understanding the
compactification of the moduli space of negative Kéhler-Einstein metrics. I study a special
class of such families in complex dimension two. Following the work of Sun and Zhang in
the Calabi-Yau case [19], I construct a Kéhler-Einstein neck region interpolating between

canonical metrics on components of the central fiber. This provides a model for the limiting
geometry of metrics in the family.
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Chapter 1

Introduction

1.1 Kahler-Einstein metrics

Kéhler-Einstein metrics sit at the intersection of physics, differential geometry, and alge-
braic geometry. In physics, they form a class of solutions to the Einstein field equations. In
differential geometry, they are higher-dimensional analogues of constant curvature metrics
on Riemann surfaces that are more rigid than constant scalar curvature metrics and less rigid
than constant curvature metrics. In algebraic geometry, they are canonical objects associated
to certain complex varieties whose properties reflect the underlying algebraic structure.

The existence theory of Kéhler-Einstein metrics on compact manifolds dates back to Yau’s
theorem [23] but was partially open until 2014. Since the Ricci curvature of a manifold X
represents its first Chern class, the existence of a Kéhler-Einstein metric on X implies that
c1(X) has a representative that is either positive definite, negative definite, or identically
zero. Conversely, if ¢;(X) = 0, the existence of a Ricci flat metric in any Kéhler class of
X follows from Yau’s theorem, while if ¢;(X) has a negative representative, the existence
of a unique (up to rescaling) Kéhler-Einstein metric with negative scalar curvature was
proved by Aubin and Yau in 1978 [2, 23|. If ¢;(X) is positive, however, there are nontrivial
obstructions to existence [10, 13, 15]. A full understanding was not achieved until 2014,
when Chen-Donaldson-Sun proved that existence is equivalent to the algebraic condition of
K-stability [6, 7, §].

In this thesis I study the case ¢1(X) < 0. I call a Kéhler-Einstein metric on such a space
a negative Kdihler-Einstein metric, since the constant of proportionality between the metric
and its Ricci curvature is negative. Though existence and uniqueness in this case have long
been established, the proof is implicit and provides little geometric information. It remains
a challenge in Kahler geometry to characterize these metrics.

One goal is to describe the compactification of the moduli space of negative Kéhler-
Einstein metrics. Since limits in this space will not always be smooth, a key question is
how families of such metrics degenerate. For instance, given a manifold X, we can vary
the complex structure on X to produce a family of Kéhler-Einstein metrics. If the complex



manifold develops a singularity, the limit space does not have a Kéhler-Einstein metric in
the usual sense, but we can try to define a generalization to compactify the family.

A first step in this direction is to characterize the convergence of the family outside a
singular set. Previous work has explicitly demonstrated convergence to known metrics. If
X = X\ D for a projective manifold X and smooth divisor D such that ¢;(X) < 0, there ex-
ists a unique complete, finite-volume negative Kéhler-Einstein metric on X [3,9, 11, 21]. Tian
[20] showed that a degenerating family of K&hler-Einstein metrics will Gromov-Hausdorff
converge to this metric on the smooth locus of the central fiber under the assumptions that
the total space of the degeneration is smooth, the central fiber has only normal crossing sin-
gularities, and its components intersect only pairwise. The pairwise intersection assumption
was later removed by Ruan [17]. Greater generality was achieved by Song [18], who used
results from birational geometry to obtain convergence without loss of volume for a general
algebraic degeneration and to further characterize the structure of the central fiber.

I aim to investigate the geometry that collapses to the singular set. This perspective will
be necessary for understanding what types of spaces are needed to compactify the moduli
space of negative Kéhler-Einstein metrics. In addition, the techniques I use give an explicit
description of the nonsingular metrics close to the central fiber. This allows us to “see”
the negative Kéhler-Einstein metrics whose existence has long been established but whose
geometry is mostly unknown.

1.2 Degenerations of Kahler-Einstein metrics

A degeneration of Kahler-Einstein metrics is defined as a flat family 7 : X — A of
algebraic varities over the complex disc A such that X; = 7'(¢) is smooth for ¢ # 0 and
Ky, is positive. For generic t € A, Ky /A| x,~ Kx,, so there is a unique Kahler-Einstein
metric wy in 27 ¢1 (Kx)alx,)-

In this thesis we investigate a specific family of the above type. For i = 1,2, 3, let f;
be a homogeneous polynomial in 4 variables of degree d; such that d; 4+ dy = d3 > 4. Let
X C CP? x A be the variety

Xy =V(fifa—1f3),

where the f; are interpreted as polynomials on CP? and t is the coordinate on A. Say
that Y; = V(f;) is smooth for i = 1,2 and X; is smooth for ¢ # 0. Finally, assume that
D =V(fi)NV(fy) and D NV(f3) are complete intersections. By the adjunction formula,
K, is ample for generic t.

Sun and Zhang [19] have characterized the Calabi-Yau case (d + dy = 4). They found
that after rescaling to unit diameter, X; converges in the Gromov-Hausdorff topology to an
interval in R. The interior of the interval reflects the geometry of an infinitesimal neighbor-
hood of the singular point but contains all of the rescaled volume of the space. Meanwhile,
rescaled limits at the end points converge to the complete Calabi-Yau metrics on Y; \ D
constructed by Tian and Yau [22]. An interesting corollary is that these Tian-Yau metrics,



though not known to be unique as solutions to a prescribed Ricci curvature problem, are
canonical in the sense they arise from degenerating families.

In our case, Y; \ D admits a unique complete K&hler-Einstein metric [3, 9, 11, 21]. We
hypothesize that as in [19], (X, w;) will degenerate to a space with three parts: one com-
ponent for Y;, i = 1,2, equipped with the K&hler-Einstein metric on Y; \ D, plus a neck
region gluing these spaces near D. Like the Tian-Yau metric, the Kéahler-Einstein metric
on Y; \ D resembles a Calabi model space over the normal bundle of D in Y; near D, so
a suitable neck region would be a Kéhler-Einstein interpolation between these two Calabi
model spaces. Indeed the bulk of [19] is the construction of an analogous neck region in the
Calabi-Yau case.

The main result of this thesis is the succesful construction of this neck region. We will
give a precise definition of (C, gc.) in Section 4.1.2.

Theorem 1.2.1. Fiz a complex curve D with ¢;(D) < 0 and integers k— > 0, ky < 0. Let
(Cx,gc.) be the Calabi model space over k_Np and —k, Np, respectively. Then there exists
ag € (0,1), a manifold M with boundary components OM. that gives a singular S* fibration
over D x I for some interval I C R, and a family of S*-invariant negative Kdihler-Einstein
metrics wggr on M, such that the following holds: for any o € (0,0), € > 0, k € Z>¢, and
R >0, BR(OM_) is e-close in C** to a ball in C_, and similarly for OM, for T >> 0.

Our proof yields a detailed description of the geometry of (M, wgkg ) for large T'. The
diameter of (M, wgkg ) grows without bound as T' — oo, and if we rescale the diameter to a
constant, the resulting spaces collapse to an interval in R. We can say more, however, about
the pointed convergence of (M, wkg ).

Theorem 1.2.2. Under the assumptions of Theorem 1.2.1, there exists a family of functions
Wr @ M — Ryq with the following property: Let (%‘)521 be a sequence of points in M and
choose a sequence T; — oo. Then there exists a subsequence of (M, Wr, (x;) *wkgr,, ;)
that converges in the pointed Gromov-Hausdorff topology to one of the following:

1. the Taub-NUT space (C3y, grn),
2. the Riemannian product C x R,

3. the Riemannian cylinder D X R,
4. the Calabi model space (Cx,ge, ).

In cases 1 and 4, convergence is smooth. In cases 2 and 3, there is collapsing with bounded
curvature away from finitely many points.

The rescaling factor Wr is related to the local regularity scales of wxg, 7. In cases 2 and 3,
there is smooth convergence without collapsing on local universal covers. Thus the theorem
provides an explicit pointwise description of wkg 7 up to error terms that decay as T — oo.



To construct (M, wkgr), we guess that the desired metric can be approximated by a
Kihler metric with S* symmetry on a singular S! fibration over D x I for some interval
I C R. The constraints on the end behavior of the metric determine the topology of M.
The Kihler-Einstein equation on M can then be expressed in terms of the fiber size h~! and
a scaling x of a fixed metric on D (Section 2). We solve the linearization of this reduced
equation to construct a family of approximately Kéhler-Einstein metrics wr (Sections 3 and
4). By adding an inhomogeneous delta function term to the linearized equation, we change
the degree of the restriction of the S! bundle to D to match the Calabi model spaces at either
end of M. Once we have solved the inhomogeneous linearized equation, we investigate the
local rescaled geometry of wr as T — oo (Section 5). The resulting description, reflected
in Theorem 1.2.2, allows us to derive weighted Schauder estimates that are independent of
T. Finally, we use these estimates to correct wr to a Kahler-Einstein metric wgg s by the
implicit function theorem (Section 6).

Our techniques follow [19], but major differences from the Calabi-Yau case appear in
Sections 3, 5, and 6. These differences result from the fact that the linearization of the
negative Kéahler-Einstein equation is A — 1 rather than A. In Section 3, this implies that
the linearization of the Kahler-Einstein equation results (after separation of variables) in an
ordinary differential equation whose solutions are qualitatively different from the exponential
functions in [19]. In Section 6, this requires us to adopt a different framework for our use of
the implicit function theorem. As a result, we must derive different Schauder estimates in
Section 5.



Figure 1.1: The construction of (M, wkg 7). The base space is the manifold D x I,. The
diameter of D is bounded below independently of 7" and blows up near the singular points.
M is a singular S! fibration over D x I. The size of the S! fiber, given by A}, decreases to
0 near the singular points. The degree of the restriction of the S! fibration to D is given by
k_ for z < 0 and —k, for z > 0 and changes at z = 0 because there are k_ — k. singular
points.



Chapter 2

Kahler Reduction

2.1 Kahler metrics with Hamiltonian symmetry

Our first step toward the construction of (M, wkg r) is to create an approximately Kéhler-
Einstein space with the desired end behavior. We attempt to build such a space under the
added assumption of S!' symmetry. In the Calabi-Yau case this is the Gibbons-Hawkings
ansatz. The discussion in this section is based on Section 2.1 in [19] .

First, let’s assume we already have such a space and see how our calculations are sim-
plified. Let (X,w,J) be a Kéhler manifold of complex dimension n. We say that X has a
holomorphic S* symmetry if there is an action ¢ : S x X — X such that ¢y is holomorphic
and gjw = w for each 6 € S, where @y(z) = ©(6, ). In this case let & be the vector field
generating the action, so

0| =€
We say that X is Hamiltonian if there exists a function z such that

dz = iew.

If the holomorphic Hamiltonian S* action on X is also free, we can simplify the description
of w and J by dividing out the S' symmetry. Locally we can quotient by the orbits of the
complexified action, generated by &40 = ¢ — 4 J¢, to form an (n — 1) dimension complex
manifold D. Then we can identify X with an S bundle over D x I for some interval I C R
with coordinate z. Since w is S! invariant it can be parameterized by the base space D x I.

Let y be a local holomorphic coordinate on D with the convention that Jdy = —idy,
Jdy = idy. Let t be a function such that £(¢) = 1. Then y,7,t, z form a local coordinate
system for X, but the coordinates z and ¢ are not holomorphic. We write

Jdz = h™(—dt + 0)

where h is a function and 6 is an S'-invariant one-form without a dt component. We can
determine h by observing that by our choice of z,

Jdz(0,) = —dz(J0,) = —w(&, JE) = —||€I”.



S! fiber :) Q D Q D ;{1

Figure 2.1: Kaihler reduction. Locally, the total space is decomposed into an S! fibration
over D x I,. The S'-invariant metric on X is specified by the fiber size, given by h~!, and
the z-family @(z) of metrics on D.

Therefore h = ||£] 72
Write © = —dt 4+ 0 and define

O=w-—dzN\O. (2.1)
The form @ does not have components in dz or dt. In addition,
[,g(z) = ng — /Jg(dz N @)

The first term on the right vanishes due to S* invariance, and Cartan’s formula can be used
to show that L¢(dz A ©) = 0 as well. Thus @ can be thought of as a z-family of (1, 1)-forms
on D.

The integrability of J and the Kéhler condition on w imply (see [19] 2.1) that h and @
satisfy the system

(2.2)

0% + dpdh =0
0.0 — dz A dé)h = dO.



2.2 The reduced Kahler-Einstein equation

2.2.1 From X to (x,h)

We now assume that n = 2 and D is a Riemann surface of genus at least two. Let wp
be a Kéhler-Einstein metric on D normalized so that Ricwp = —wp. For the remainder of
this thesis, we assume that all Kéhler-Einsten metrics are negative and normalized this way.
Because D has complex dimension one, we can write @ = ywp for some function y on D x I.
Our goal is to reduce the equation Ric w = —w to a simpler collection of equations on y and
h.

Let Q be a local S'-invariant holomorphic volume form on X and let x = i(hdz +i0 + ')
be the (1,0) form dual to 0, where #’ does not have a dz or dt component. We can write

Q=rAQ
for Q = i¢10Q also S' invariant and compute that
QAQ=—2ihdz AdtAQAQ

There are functions x and ¢ such that

2
&
I
=<
&
S

tzaiQ/\

SO ) R

w w Xo
— = == (2.3)

QAL pa b

and so )
Ricw = —id0log det Qw 5= —i00(log(x) + log(c) — log(h)).
Thus the assumption that w is Kéhler-Einstein gives that
1 = 1

—w = —§ddc log x — i0pdplogo + §ddc log h. (2.4)

For clarity we have replaced 100 with %ddc for functions that vary in z and i0p0p for functions
that do not.

We expand out this relation and separate into components to derive four equations re-
lating x and h. On the one hand,

—w=—(dz A (—=dt +0) + ).



On the other hand, for any ¢-invariant function F' on X we have

dd°F = dJ(F,dz + dpF)
= d(F.h (—dt +0) + d5 F)
= (F,hY).dz A (—dt + 0) + dp(F.h ™) A (—dt +0)
+ (F.h Y (dz A 8.0, + dpb) + dz A dS,(F,) + dpd5 F
= (F.hY).dz A (—dt + 0) + dp(F.h ™) A (—dt +0)
+ (F.h Y (dz A —d5h + 0.0) + dz A dS)(F,) + dpdS, F.
Let F' =logh —log x. Then Equation 2.4 becomes
—2(dz A (—=dt +0) + @) = ((logh — log x).h™").dz A (—dt + )
+dp((logh —log x).h ™) A (—dt + 6)
+ (log h — log x).h ' (dz A —dh + 0.%)
+ dz A dy((logh —log x).)
+ dpdS,(log h —log x) — 2i0p0p log o.

The covector fields dz, dt, dy and dy form a local basis for forms on X. Collecting compo-
nents involving only dz A dt yields

((10gh — log X)zhil)z =—2. (25)

Since 6 does not have a dt component, collecting components involving only dt wedged with
either dy or dy yields
dp((logh —log x).h™*) = 0. (2.6)

Collecting terms in only dy and dy yields
(log h —log x).h 1.0 + dpdS,(log h — log x) — 2i0p0po = —2& (2.7)
Finally, cancelling all of these terms and “dividing” by dz, we have
—(logh —log x).h~ " d$h + d5(logh —log x). = 0, (2.8)

but this is trivial by Equation 2.6.

2.2.2 From (y,h) to X

The key point is that we can also work backwards from these equations. Fix (D,wp) a
complex curve with Ric wp = —wp. For the remainder of this thesis we will assume that
k_ =0 and k, = —1. We will discuss this simplification further in Section 4.2.

Fix a point pp € D and let d, be a delta function at (pp,0) € D x [—1,1/2], i.e.

/ fo,dz ANwp = f(pp,0). (2.9)
Dx[-1,1/2]
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Since we are free to add a constant to the moment map z, it is sufficient to find a pair (y, h)
solving the following equations:

(logh —logx). = —2hz (2.10)
92x + Aph = 276, (2.11)
1
O — (wp +20,0) = —§dpd%(logh — log x). (2.12)

Equation 2.10 comes from integrating Equations 2.5 and 2.6. Equation 2.11 is part of
Equation 2.2, except that we have added a delta function at z = 0. We will explain this
choice in Section 4. Equation 2.12 is the result of substituting Equation 2.10 into Equation
2.7.

The second line of Equation 2.2 gives an additional constraint. Define
I'=0.0 —dz N dph.

If ;=T is an integral (1,1)-form and z is defined on [—1,1/2], there exists an S' bundle
m: M — D x [-1,1/2] with connection form —i® and curvature —:I". Choices of such ©
modulo gauge equivalence are parameterized by Hom(H' (M), S') and yield distinct complex
structures on M.

Given such a y, h, and I', and fixing a choice of ©, the metric on M is given by w =
W+ dz N ©. The computation above shows that L:w = 0. Equations 2.11 and the second
line in Equation 2.2 give that the complex structure defined by the complex structure on D
and the condition that Jdz = hO is integrable and also that @ is Kéhler. Finally, Equations
2.10 and 2.12 ensure that w is Kéhler-Einstein.

Note that by our addition of a delta function to Equation 2.11, y and h will be singular
at a fixed p = (pp,0) € D x [—1,1/2]. Since all of our computations have been pointwise,
our construction goes through without change on D x [—1,1/2]\ {p}. Though a priori the
S* bundle M is defined only over D x [—1,1/2] \ {p}, we will see in Section 4.3 that it can
be completed over the singular point. The singularity in Equation 2.11 causes a change in
the degree of the S' bundle restricted to D as we pass through z = 0. This is necessary to
match the Calabi model spaces at either end.

2.3 Deriving a linearized equation for Jh.

We may ask whether there is a solution such that h and y are constant over D for each
z. In this case Equation 2.11 tells us that away from the singularity,

X =az+b

h

for constants a and b. In fact, Equation 2.12 tells us that b = 1. Now if we write u = _ 15,

then we can rewrite Equation 2.10 as

(logu), = —2u(az + 1)z.
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We find that
az +1

20234+ 22 + ¢

for some constant c.
Motivated by this result, we guess that a nontrivial approximate solution takes the form

h = ho + oh, Y =140y (2.13)

for hg = ﬁ, functions 0k and dy that are small in some sense, and T" a large constant.

Then Equation 2.10 becomes

0. (log(ho) + log (1 + i_h) —log(1 + (5x)) = —2(ho + dh)z.
0

Since hg solves Equation 2.10 with xy = 1, it follows that

0

(‘L(log (1 + (;L—h) —log(1 + 5)()) = —220h.

Expanding the logarithmic terms into a power series and keeping only terms linear in §h and
dx, we derive that

oh
0, <—> —dx. = —2z6h. (2.14)
ho
Taking another derivative yields that
(22 + T 2)0h,, + 42 6h, + 20h — 6. = —26h — 2z 5h.,.
By Equation 2.11, this becomes
(22 + T ?)6h., + 62 5h, + (4 + Ap)dh = 276, (2.15)

Equation 2.15 is the linearization of the Kéhler-Einstein equation under S symmetry.
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Chapter 3

Constructing an Approximate Solution

In this section we solve Equation 2.15. In the notation introduced in Section 2, this gives
us a candidate for h, and we can define x using Equation 2.11. Since the resulting pair (, h)
gives an exact solution to Equation 2.11, the resulting space is Kéahler, but since we have
linearized Equation 2.10, it is not Einstein. In Section 6 we will check that the discrepancy
between the metric and a negative multiple of its Ricci curvature is not too large and then
correct to an honest Kéahler-Einstein space.

3.1 Solving the linearized equation for /A

3.1.1 Separation of variables

We assume that the solution can be expanded in the eigenfunctions of Ap and write

Sh=">" fan (3.1)

A>0

where Apthy = —=X*y, Ya(pp) > 0, and [,|1s|>wp = 1. We then have the formal expansion

8p = Ualpp)tndo,
A

where &y = dp(z) is a delta function at 0 on [—1,1/2]. Matching terms, Equation 2.15 then
gives an ordinary differential equation

(2% + T f(2) + 62/1(2) + (4 = X*) fa(2) = 2m9a(pp)do(2) (3.2)

for each eigenvalue \.
Now if || fx|| z2(r)< 00 for some A > 0 then for each test function x € C5°(D x [-1,1/2]),

o= [ s
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But by elliptic regularity,

[r]lco= O(VN). (3.3)

[t

Therefore

/\%/A%% X(+, 2) wp

- | /D al) AbX (- 2)wp

< WHXHC%(DXI%

where C' does not depend on X. Now say that || fA]|2r) grows slower than AV for some N.
Weyl’s law guarantees that

#{\ an eigenvalue of Ap: A e [k —1,k)} <Ck (3.4)

for some C' > 0. Therefore for any M > 0,

f
< > fA%,X> <cC H;‘%”XHC “(Dx1)

1< A<M

5_
<O R Xl o2t oy

k=2

Since there are only finitely many independent eigenvectors with A < 1, choosing ¢ large
enough proves that Y f\1, gives a well-defined distribution solving Equation 2.15. It remains
to show that each f) is defined on [—1,1/2] and that || fx||2(—1,1) has polynomial growth in
A

3.1.2 ODE solution for each eigenvalue.

To do this, we solve Equation 3.2 explicitly. The change of variables z(z) = (1 + iT’2)
converts Equation 3.2 to the hypergeometric equation

w(x —1)f"(x) + (62 = 3)f'(2) + (4 = N*) f(2) = Tm a(pp)do(). (3.5)

Note that

1—2(2) =2(2), zeR (3.6)
For n € R, define

(m)y = [[Zo(n+j) keZs
ME=N k=0
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Let F' be the hypergeometric series
Flo, §.v:) = ZOO (@)
Y ) ’Y’ k:!

For any «, 8,7 € R with v € Z_(, F is absolutely convergent on the open unit disk in C.

Now let
_5+\/9+4)\2 5— V9 +4)2
D e—

a(N) B(A) = — s = 3.

Using the recursion in the coefficents of F', it is checked that for all \, the functions

v} = Fla(A), BN, 7(A);z(2)) and vy = F(a(A), B(A), 7(N); z(2))

solve the homogeneous version of Equation 3.2. Now it is easily observed from the definition

e (B
2 F(@(X), (), y2) = TF

so the Wronskian W [v}, v3](0) = v (0)v3 (0) — v (0)3(0) is evaluated as

NI iy 15y 1 L3)F(.5.3)

(a(N)+ 1,800 +1,v+ 1;2),

An identity due to Gauss states that

1+a+ﬂ_1) I )]_—‘(1+c2z+5)
22 ()

=N

F(a, B, (3.7)

where I' is the gamma function ([14] 3.13.2). Thus for our choices of «, 3, and ~,

B iTa(N)B(N) F(%)Q[‘( 1+0‘(/\%+5(/\) )T( 3+a(>g+,8(/\) )

~y F(1+§(A))F(2+3(A))F(1+§(A))F(2+§(A)>

Wy, v3](0) =

Now I' has no roots but has a simple pole with residue (_k—l,)k at —k for £k = 0,1,2.... The

sum a(A) + B(A) =5 for all A, so the numerator of the second term in the above product is

constant in A. For all A\, «(\) is positive, so the I" terms involving «(\) are finite positive

1+g(’\) or 2+§(’\) is equal to a negative integer for

numbers. However, we may have that
infinitely many .
Let
Y ={A>0: \is an eigenvalue of Ap and V9 + 4\ € Z}.

Then Y is discrete but possibly infinite. For A ¢ X, v? and v} give independent solutions to
the homogeneous version of Equation 3.2. In this case, we can solve the non-homogeneous
equation by variation of parameters. We write

A A
Ux = V] + CUy,
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where = 21 (pp)d A( )
- TYx(PD)oo VoS
a(z) = /_Oo s2+ T2 Wy, v3](s “
o Ty TN
= —2m wk(pD>O-0<Z)a(>\)B()\) 1—‘(%)1—\(3+a(>\%+5(>\))
and

7 2ma(pp)de  vi(s)
e2(2) = /oo s2+ T2 Wy, v3](s) *
2

4 (RT Ce) o )
= 2m @DA(pD)UO(Z)a()\)ﬁ()\) F(%)F(&l—a()g-i-ﬁ()\))
= —c1(2).

Since v1(z) = va(2), this gives that

TYx(pp) F(2+‘;‘()‘) )F<2+§(>\)) .
VB0V T(&)r(Eeeyesa) ™ (2),

2
0 ifz<0
00(2):{

vy = 2ici(2) Imo}(2) = 12700 (2)

where

1 ifz>0

It is verified that v, is a solution to Equation 3.2 in the distributional sense.

3.1.3 Finding a decaying solution for \ € X

We would like to define f) = v, but for Equation 3.1 to converge we must modify vy by
a linear combination of homogeneous solutions to Equation 3.2 so that fy(z) grows at worst
like a fixed polynomial in A for all z. In this section we write o for a(\) and S for 5(A) for
brevity.

Fix a branch of the complex logarithm cut along the negative real axis. We have that for
A €3, F(a, 8,7; ) has the analytic extension

F(a,B,v;x) = %(—@_W(%a +1—v,a+1-8z")
L(a— B0, s B R

which is defined for all = such that —z is in the domain of log (see [14] 3.6(28)-(30)). For
clarity, define

(B8 —a)l'(y)

—a —ai(arg(:c)—w)F _ .1
—————Z\x| % a,a+1—v,a+1—0627"),
O —a)" ( )

filz) =
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and
hle) = [ el e O (B 6+ 1 =5 1 = o)
on C\ R. Then if z > 0,
F(a, B,v;2) = fi(x) + fol@), (3.8)
while if z < 0,
F(a, B,v;x) = e 72 fi(x) + €727 fy(x). (3.9)

Now because f; and fy are linearly independent solutions to the homogeneous version of
Equation 3.2 ([14] 3.7) and F(«, 8,7;1 — z) is defined on the upper half-plane, there exist
w1 and ps such that

Fla, 8,71 = 2(2)) = pf1(2(2)) + pafa(2(2)) (3.10)
for z > 0. But by Equations 3.6 and 3.9 we have that if z > 0,
Fla, 8,71 = x(2)) = e 7™ fi(2(2)) + 2™ fo(2(2)). (3.11)

Let z — 400 and divide Equation 3.10 by Equation 3.11. Note that as |z|]— oo, F(f, 5 +
1—7,8+1—a;271) — 1 and likewise for the conjugate. Since 8 < «, |#|~” dominates
|z| =, while the phase of x goes to m/2, so we have that

i T fQ(j(Z» _omi
e? 5#2 —ZEIJPOO Fa(2(2)) .

But since F'(a, 8,7;x) is a real power series, F(«, 3,7;1 — x(2)) = F(o, B,7;2(2)). Thus
Equations 3.8 and 3.10 give that

(P, piyia(z)
Jim, Re(F(a, B,y 2(2)) <25> '

Taking the complex conjugate, we must have that

L (e foya(=) (T
ZEIPOORe(F(mﬂ,%x(Z)))_ t ( B>‘

Thus if we let p = —tan(53), we have that

Now let
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so that
va(2) = Crop(2)Im(vy(2)).

Define
H(z) = %( — Im(v})(2) + pRe(le)(z)) + vp(2). (3.12)

By our discussion above,
(z) =0((T=)™). (3.13)

Indeed our choice of f) is the unique decaying solution to the inhomogeneous equation 3.2.

3.1.4 Extension to X

By Equation 3.6, we can replace Im(F') and Re(F') in Equation 3.12 with appropriate
linear combinations of F(«, 3,v,x) and F(«, 5,7,1 — x). It can be checked that both of
these functions are locally holomorphic in x, a and 8. Checking all other terms in Equation
3.12, we find that if we ignore the step function term, the function

H()
%Zf,\(pD)’

extends to a meromorphic function of « (recall that 5 =5 — «) and of z away from = = 1.
Call this function g(«,z). Now in Section 3.1.6 we will show that away from A = 0, f\(2)
is uniformly bounded by a polynomial in A for A € ¥ and z € R. Therefore for A\* € 3, g is
holomorphic in a neighborhood of

{a(\)} x {z(2) : z € [-1,0]} C C?,

and so g(a(X),z(z)) converges smoothly to a function of z € (—1,0) as A — A*. Note
that convergence holds up to the boundary, i.e. 9%g(a()),z(0)) — 0%g*(a(\*), 2(0)) for all
integers k > 0.

By a similar argument, g(a,x) converges smoothly to a function for z € [0,1/2]. We
define

o (2) = ¥a-(pp)g(a(X7), 2).
Smooth convergence up to the boundary on [—1,0] and [0,1/2] ensures that fy« satisfies
Equation 3.2.

3.1.5 Solution for A =0

This convergence argument does not give the solution at A = 0 because the uniform
bound on g does not hold as A — 0. In this case, however, the general solution to the
homogeneous version of Equation 3.2 is given by

arapr (e 5))
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for py, po € R.
Variation of parameters yields an inhomogeneous solution

+E

vy = 2moo(2) Ty (pD)(IZHW'

We add a homogeneous solution to define the even function
fo(2) = (200(2) = )7 T4 (pp)

3.1.6 L? estimates of the ODE solutions

To show the convergence of Equation 3.1, we first control the growth of the solutions to
Equation 3.2 at the origin. Then we use the maximum principle to show that the value at
the origin bounds the value everywhere.

Proposition 3.1.1. For all A > 2 and T > 0, let fI be the unique decaying solution to
Equation 3.2. Then fI(0) < 0. Further, there exists N > 0 independent of T and X\ such
that

[£x(0)]= TOY)

as A — oo.

Proof. Using Equation 3.7 to evaluate v7(0) and noticing that v}(0) is a real power series
with a real argument, we see that if A ¢ ¥ then

B 1207\ (pp) F(%TO‘

f}?(o): 2083 (L
2

(3.14)

for some C' > 0 independent of A and 7T'. First we note that by elliptic regularity,
Ua(pp) = O(VA)
as A — 0o. To understand the gamma function terms, we note that for z > 3,
le —1!<T(z) < [z —1]!. (3.15)

In addition, we have the following identities (see [14] 2.2).
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Lemma 3.1.2. For x € R and N € Z~y,

['(z+ N) = (z)n['(2), (3.16)
['(x)I'(1 —z) = meserma, (3.17)

and
F(% + x)F(% — T) = TsecwL. (3.18)

Equation 3.17 and 3.18 give that

PN TEHT(F)

Cancelling the tangent terms and noting that § < 0 as long as A > 2, this proves that
fE(0) < 0. Further, since a — oo as A — oo and 8 = 5 — «, Equation 3.15 gives that for
large enough A,

D(e)rist) _ 51!

ME=TE) = [,

which by Equation 3.16 is bounded by a polynomial in o as @ — oo. But @ = O()) as
A — 00. O]

Proposition 3.1.3. Tuke f{ as in Proposition 3.1.1. Then fl(z) is nonincreasing on
(—00, 0] and nondecreasing on [0, c0).

Proof. We first note that f{(z) < 0 for all z and A > 2. For away from z = 0, f{ is a
smooth solution to the homogeneous version of Equation 3.2. Therefore by Proposition 3.1.1
and Equation 3.13, if fI(z) > 0 for any z < 0 then f{ has a positive local maximum at
some z* € (—00,0). But then (fI)"(z*) <0, (fL)(2*) =0, and fI'(z*) > 0, contradicting
Equation 3.2. An identical argument shows that f{ is nonpositive on (0, c0).

Now we show that for A > 2, f](2) is nonincreasing on (—oo,0]. An argument as in the
previous paragraph shows that f{(z) cannot have a negative local minimum on (—oo,0).
But if fy(z1) < fa(z2) for z; < 23 < 0, there must be a negative local minimum on (—o0, z2).

A similar argument gives that f{ is nondecreasing from 0 to oo. O

Propositions 3.1.1 and 3.1.3 give the desired L? growth control.
Proposition 3.1.4. Fiz T > 0. Then
L£3 () z2-1= OY)
for some N > 0.

Remark 3.1.5. The solutions f{ are defined on all of R, and the convergence arguments
of this section apply to any compact interval. Therefore it is justified to speak of dh as a
function on R.
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3.1.7 Decay of 6h

Away from the singular point, the behavior of dh is controlled by the zero mode which is
constant over D.

Proposition 3.1.6. Let 0h™ =37, f{¥x. Then there exists p > 0 such that
ShT = o + T O((T2)™) (3.19)

and

ApdhT =T O(Tz)™%) (3.20)

on |z|> pT~ ' as T — o .

Proof. We see from Equation 3.2 that £6h” (2) = §h*(T'z). Therefore it is sufficient to show
that
Sh(2) = foho + O(z7%)

for |z|> p. By Remark 3.1.5 we may treat dh! as a function on R. If A > 0 then a(\) > 4,
so by Equation 3.13 each vy f\(z) is dominated by 2~*Cy for some Cy > 0. It remains to
show that the series ), C) converges.

Now for z € (0,00) and € € (0,1) let

97(2) = 2 maxln| ().
Then Equation 3.2 gives that
21+ + o+ (N3(EH (= 1)22) + A(Be2® 4+ 9¢) +20)ga(2) =0,  (3.21)

on D, where we have omitted the ¢} (2z) term. The coefficient of ¢§(z) and the coefficient of
gx(z) are positive for all |z|< 1 for € close enough to 1.

Assume that A > 0. By Proposition 3.1.1, g\(z) < 0 for all z > 0. Equation 3.13 gives
that Zli)rinoo\g,\(zﬂ: 0, since

a(d) >4+eX, A>0.

Also, since f, is continuous, lir% gx(z) = 0. But by Equation 3.21 and the arguments from
z—r

Proposition 3.1.3, ¢g\(z) cannot have a negative local maximum in (0, 00). Therefore there

exists n > 0 such that g,(z) is nondecreasing on (7, co).

Fix p and p; such that n < p; < p. By Proposition 3.1.1, Proposition 3.1.3, and Equation
3.3,

max ¢y fx(p1)|= O(\F)
for some k < oco. Then

€A €A
1 max ¢ f1(p)|< K%) pi‘mgxwfx(m) éC(%) AP,
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where C' depends on p; but not A. Using Equation 3.4, the right hand side is summable, so

we can take C) = C (p—pl)ﬁ’\)\k with C' as above. By nondecreasingness, this bound holds for
all z > p. Meanwhile, because f) is even-symmetric, the bound holds for z < —p as well.

Since Apdh = 37, =A*afx, the proof for Apdh”(z) follows with Cy = C/(2) N2,

m

3.2 Correction to h

Given the solution h = hy + d0h to the linearization of Equation 2.10 that we have just
constructed, we can define x by integrating Equation 2.11 and choosing a = k_ = 0. Having
done so, we see that (x,h+¢(z)) also solves Equation 2.11 for ¢ a smooth function of z. We
make use of this freedom to construct another solution & that has the desired behavior near
the of the z-interval [—1,1/2].

Fix a constant Cy > 0 as in Proposition 3.1.6. Then we have that for |z|> £

27
1 P i
h=T —— + (2 -1 — 3 __ 1+ 0(Th).
(1 + (TZ)Q + ( UO(’Z) )W¢0<pD) (1 + (TZ)2>2 + ( )
Now for each T let k be a smooth function satisfying
_ C
] T-%h |z|< 52
T2 = T2h+O(T™) & <2< &
k+z+1 -5 — "y
T T O(T %) <2<

with k4 interpreted as k_ for z < 0 and k. for z > 0. This is possible because for % <zl

Ca

m T223
kiz+1 1 z+ =5

= -
T3 + 1222+ 1 1+ (T2)? ™o (Pp)

—(1 (T2 +0O(T7).

Therefore a smooth interpolation of T—?h and 5 kil in this region differs from T72h
3

+234T222+1
by a function that is O(T~'). But the zero eigenfunction vy is constant, so by Equation 3.19,
the D-dependent terms of 6k are TO((T'z)~*) for |z[> $2. Therefore after a T'O((Tz)™*)
correction, we can take T-2(h — h) to be a function of z only.
For simplicity of notation, the symbol & will refer to the function A for the remainder of
this thesis.

3.3 Expansion near the singular point

Equation 2.15 and the linearization of Equation 2.11 yield a useful expansion of the metric
near the singular point.
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First, we introduce a notation for describing the regularity of functions defined near a
singularity. For / € N and U C R?,  containing 0, let

a,b,w
rw(a,b,w) = vVa? + b + w?

and
WHU) = {f € C®(U\{0}): VIf=0("71og(ry)) as ry, — 0, Vj > 0}. (3.22)

Now for any £ € N and U C R}, , containing 0 we take w’ to be a function in WEU).
Similarly, for any k € Z>¢ and « € (0,1), we take ¢" to be a function in C*°(U \ {p}) N
Ck(U). We allow g%, w’, and the corresponding domains U to change in each invocation
(as is convention for the constant ('), but it will always be assumed that they have no
dependence on 7.

The following elementary result will provide the desired regularity for an expansion
around the singular point.

Lemma 3.3.1. Let f(a,b,w) be a homogeneous polynomial of degree k and L' a differential
operator such that L'(W') C W?'. Then there exist u, v' € W' such that

/ f /
(AR3+£)UZW+U

Proof. Since £'(W?') C W', we may assume £ = 0. Now let p®) be a homogeneous polyno-
mial of degree k. Then

B Agsp®
S :

Aps :—(k}—l)(k‘—l—Z)

k—1
Tw

But V(#) = p:;i? for p*+1) a homogeneous polynomial of degree k + 1, so Tp,f—i e W' In

particular, rfzf—l € W, so taking u = m&%l’ we see that if £ > 1 and the result holds
for k' < k, it holds for k as well.
To establish the base cases k = 0, 1, we note that

2
ARST’w = —
w

and 5
a
Ass (alog(ru)) = o5
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Now return to the space constructed above and assume that in the notation of Section
3.2, |2|< £2. If we let

L}, =(Ap+T7202) + 2024+ 620, + 4

then Equation 2.15 gives that
E%Z(éh) = 270,

Define a new coordinate
w=T-x. (3.23)

Changing coordinates, we have that

ﬁ;ﬂ’zz(AD—F(??U)+w28i+6w3w+4:Acy1+w28i+6w8w+4:[,h

1w

where Ay is the Laplacian on the Riemannian product D x R,,, and
Ly, (0h) =T 276, (3.24)

where 9, now refers to a delta function with respect to the coordinate w.
Now let y = a + ib be a Kahler normal coordinate on D in a neighborhood U of the
singular point pp and define

o= Ve = VET T (3.25)

on U. Then if wy is the standard metric and Ay = (92 + 97) is the standard Laplacian in
these coordinates,
Ap — Ay = O(r;,)D,

w

where D is a second-order differential operator with continuous coefficients with respect to
y and w. Let R = w?9? + 6w d,, + 4. Since

Ay (r3,1) = 476,
in the sense of distributions, we find that

T T T T
h o — h o 2 ) . ) -
LY, <5h 27“w) £17w(5h) (Ap + 0;) <27“w> (Ap — Ay) (2rw> R(Qm)
Tp'(a,b.w) | Tp'(ab,w)

4 5
Tw Tw

= Tg¢"(a,b,w) +

Y

where p*(a,b,w) is a homogeneous polynomial of degree k in a, b, w with coefficients inde-
pendent of T'. Lemma 3.3.1 plus Schauder regularity give that

T
Oh=5—+ Tg** + Tw'. (3.26)
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Equation 3.26 yields a similar expression for dy. By Equation 2.14, we have that for
some smooth function ¢> on D,

oy = h015h+2/z(5hdz+zg°°

1/ T 2
v (——I—TgQ’a+Twl>+—/(ﬂ+w92’a+wwl>dw+zg°°

T2 2rw T 2r'w
1 Tw -1 2.« 1.1
=y, T T

Since r,, € W', this implies that

% + T 'g** + T ', (3.27)

T Tr,

Remark 3.3.2. We can repeat the above analysis on an arbitrary coordinate path U on D.
If U does not contain the singular point, we find that

Shlp= Tg>* + Tw.

Since D is compact, this implies that

T
Oh = - +Tg*>* +Tw' on D x [—Cs, Cyly.
Tw

Similarly,

% + T > + T 'w' on D x [~Cs, Cyly.

~ T,
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Chapter 4

Construction of the Singular S?
Fibration Over D x [—1,1/2]

In Section 2, we derived a system of equations sufficient to define a Kéahler-Einstein
metric on an S! fibration over D x [—1,1/2] \ {p}. In Section 3, we constructed the data
(x,h) = (xT,hT) of a family of approximate solutions to this system parameterized by
T > 0. As noted in Section 2.2, there is a gauge freedom in the choice of connection on the
resulting S fibration. Now we will make a choice of connection such that the S* fibration
can be completed over the singular point to a C%¢ fibration M, allowing us to define the
family wy of approximately Kéahler-Einstein metrics on M. To motivate this choice, we first
consider two spaces on which we aim to model the geometry of M: the Taub-NUT space,
to describe the behavior near p, and the Calabi model space, to describe the behavior as
z approahces the ends of the interval [—1,1/2]. Our techniques in this chapter follow [19]
Section 4.1.

4.1 Two model spaces

4.1.1 The Taub-NUT space

Let u;,us be coordinates on C? and y, i, w coordinates on R® = C @& R. The Hopf
fibration 7z : C\ {(0,0)} — R3\ {(0,0,0)} is an S* fibration given by

1
T (U, uz) = (uruz, 5(’U1|—|u2|2)) = (y, w).
It is checked that if r = /|y|?4+w?, then
1 *
ger = 5 THYRS + 2r OF,

where 1
@0 = gg]ﬂ';{dw,
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and J is the standard complex structure on C? with the convention Jdy = —i dy. The Taub-
NUT space is constructed by changing 2—1T — 2—1T + a for some constant a > 0. The resulting
metric is still complete and Ricci flat.

Definition 4.1.1. Fix a > 0. The Taub-NUT space with parameter a on C? is

1 . 1 -
9TN.a = g—i—a T grs + 5#—@ e,
where

1 *
O = (5 + a) Jrgdw. (4.1)

The Taub-NUT space is invariant under the S' action on C? that the rotates the fibers
of Ty, so as in the discussion in Section 2.2, the Kéahler form of the Taub-NUT space gryq
is

1
WTN,a = (?—i—a)ﬂqw@—kdw/\@, (4.2)
and .
dO = 0, wy — dw A d° (2— + a), (4.3)
r

where wy = (% + a)%dy A dy and d° is computed with respect to the complex structure on

C C CaR (see [19] 2.3).
Note that if we make the change of coordinates y = %y, w = $w, and r, =  /|y|>+|w|?,
then we have
agrn. = bgTMb, (4.4)

where 9rns is the Taub-NUT metric with parameter b with respect to the new coordinates.

4.1.2 The Calabi model space

Let (D,wp) be a compact curve with Kp ample and wp negative Kéhler-Einstein nor-
malized such that wp € 27 ¢;(Kp). We can choose a Hermitian metric ||-||p on Kp such
that

—i001og||-||5= wp. (4.5)

Our goal is to construct a negative Kahler-Einstein metric with constant —1 on a subset of
the total space of nKp for some n € Q. We hypothesize that there exists such a metric of
the form

w = i00F(~log|-|5') (4.6)

for some function F. We write z = — log||-||%' and view F as a function of z.
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(nKp, [|-Ip)

(Tp, i00F (—||-|I5"))

(D, (,UD)

Figure 4.1: The Calabi model space. Let (D,wp) be a compact negative Kéhler-Einstein
curve with canonical bundle Kp and ||-|| p a Hermitian metric on K'p with curvature wp. The
Calabi model space is the tubular neighborhood Tp = {—1/2n < z < 0} C nKp equipped
with the metric w = i90F (—|-||%).

If locally ||-||%= h|u|? for areal function h(y) of alocal D coordinate y and fiber coordinate
u, then by Equation 4.5,

_ —i001og(h =
—i00log (Z(‘?@—og(_)> =100 log(h),
sdy N\ dy
which will be satisfied if _ _
_ hddh —Oh NOh id A di

or equivalently '

- i
100x = n—dy A dy. 4.7
100x = ngdy A dy (4.7)

Taking the Ricci curvature of w and applying Equation 4.7, we find that it is sufficient to
solve the ordinary differential equation

log(F'F") + g —F=C (4.8)

for any constant C.
The generator of the natural S* action on nKp is
so if a metric is defined by Equation 4.6,
d*F
At =i€)I2=2—.
lélz=2
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In addition, by Cartan’s formula, t,w = id€&10F(z), s0
dFF 1
= "n

is a moment map for such a metric. Let

wz) = ——+—
and define
F(z) = log(u(z(x))) + —
Then N
14 z
- (5)@
while

and it is easily verified that F' satifies Equation 4.8.
By the discussion in Section 2, w satisfies Equation 2.1. A computation with Equations
2.1 and 4.6 then gives that @ = (1 + nz)wp.

Note that B .
r = / ns—ids +C.
_|_3_

nss3
3 2

The integrand is positive for —1/n < z < 0. Restricting z to this interval, we see that since
x — oo near the zero section, z increases towards the zero section as well. We define the
Calabi model space as the subset

Tp ={-1/2n < 2 <0} C nKp

equipped with the metric w. This space is punctured along the zero section and has a
“tubular” boundary.

For convenience of notation we consider the n = 0 case as part of this family. In this
case the metric takes the D-invariant form described in Equation 2.13 and we define Tp =
{-1<2z<0}.

4.2 Construction of M*

Our neck region M should resemble a Calabi model space at each end, but the two Calabi
model spaces have different degrees and are oriented in opposite directions. Concretely, if
O = hJdz as in Equation 2.2 and taking k4 as in the statement of Theorem 1.2.1, near OM _

we must have that
B k_z+1

2k B+ 224+ T2
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while near O M, we must have that

k+Z+ 1
§k+23 + 22+ T2

h:

Note that if we interpret the negative sign of £k, as part of the z coordinate, © behaves as
if z increases towards the zero section, as in our discussion of the Calabi model space. This
explains why k- > 0 and k£, < 0.

Recall the 2-form I' = 0,0 — dz Ad°h on D x [—1,1/2]\ {p}. By Equation 2.2, d© =T,
so I' is closed. By Lemma 4.2.1, %F is the curvature of a connection form of a singular
S* bundle over D x [—1,1/2]. This S' bundle will become the manifold M underlying our
family of metrics, and the change from k_ to k, will correspond to a change in the degree
of its restriction to D.

In Section 2.2.2 we made the choice to add a singularity of the form 274, to Equation 2.11.
We can now see that this singularity increments the degree of the circle bundle corresponding
to I by one, corresponding to the assumption that k_ — k, = 1. Larger increments between
k_ and —k, are achieved by adding multiple separate singular points to the neck region, for
instance by choosing several points py, ..., p, on D x {0} and changing the inhomogeneous
term to 27 > | d,,. We then add the linearized solutions constructed in Section 3 and the
analysis goes through without change.

Lemma 4.2.1. For all T >0, &' € H*(D x [-1,1/2]\ {p};R) is integral.

Proof. By a Mayer-Vietoris argument it suffices to show that %F integrates to an integer
over a slice D x {z} for some zy # 0 and over the boundary of a ball

Se(p) ={q: ruvlq) <€}

for some sufficiently small € > 0.
For the first integral, note that since

82(;) = —(ADh) Wp,

away from z = 0, we have that
0.10.5] = [0%] = 0 € H*(D;R),
and therefore [0,0] is constant in z. However, by Proposition 3.1.6,
0.0 = (k+ +O(T*))wp

for large z. Thus letting |z|]— oo (see Remark 3.1.5) shows that [0.0] = ki[wp]. The
component dz A d°h does not contribute to the integral of I' over D.
For the second integral, observe that by Stokes’ theorem,

1 1
/ T = lim T
05.(p) 2T €20 Jas,(p) 27
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Now by Equation 3.27 we have for r,, small that

- Tz . _
0.0 = (—m) idy A dy + O(log(rw))

w

and by Equation 3.26 we have that

T o
dz N d°h = 5 dz A (ydy —ydy) + O(log(ry,)).
But
d(zdy Ndy —ydz Ndy+ydz N\ dy) = 3dz ANdy A dy,
SO
1 3T
lim —1I' = lim ————dz ANdy Ady + O((€')* log(¢
e —0 836,(])) s e/ —0 S€/(p) 871'(6,)3 (( ) ( ))
3 1
= — i —— | =dyANdy ) Nd
6’1—% Ssl(p) 477(6/)3 (2 Y A y> A dw
= —]_7
as desired. O

By Lemma 4.2.1, there is an S! bundle 7 : M* — D x [—1,1/2] \ {p} with connection
form —i®’ whose curvature is —iI'. The connection form —:©’ is not unique, but we fix an
arbitrary choice. Note that the spaces M* are diffeomorphic for all 7', since changing 7" only
rescales all data with respect to the z coordinate.

4.3 Compactification of M*

Now we can construct a compactification of M* modeled on the Taub-NUT space. As
manifolds this only involves adding a point to M™* and it is easily seen that the resulting
spaces will be diffeomorphic for all T. Let (y, 7, w) be the coordinates on D x [—1,1/2] in
the punctured neighborhood U’ = U x [—1,1/2] \ {p}, where U is as defined in Section 3.3.
If V= 7~YU’), then in some coordinates uy,us, V gives a subset of C?\ {0}, and we can
define the Hopf fibration «’ : V' — U’ by

(11,02) > (w1, 5 (fn s ). (4.9

Now 7 and 7" are S! fibrations of the same degree, so there is an S'-equivariant smooth map
¢V — M, diffeomorphic with its image, such that ¢*m = 7’. In other words, we can choose
complex-valued (though not necessarily holomorphic) coordinates u; and uy such that 7 is
the Hopf fibration given in coordinates by Equation 4.9, i.e. y = ujus, w = 1(|u[*—|us|?),
and the connection is given by ¢*(—i©’).
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From now on we will assume we have made such a transformation and take uy, us, and
7 as in the Hopf fibration. In addition, we define in these coordinates

s = |ug|*+|ug . (4.10)
Notice that 1
Ty = 532. (4.11)

The connection form determines the metric on M* via Equation 2.1. However our arbi-
trary choice of connection may not have the desired behavior near p. Now we modify M* by
a Gauge transformation so that near p the metric on M* differs from the Taub-NUT space
by a form of sufficiently high regularity. This will give a C*“ compactification of M* over
p, completing our construction of the singular S* fibration M and its C%“ Kéhler structure.

We adopt the coordinates u;, us defined above so that the map 7 : M* — D x [—1,1/2]\
{p} is identified with the Hopf fibration. Define ©y by Equation 4.1, taking a = T', J the
natural complex structure on Czhw, and with 7y given by 7. Note also that by our choice
of coordinates in Section 4.2, r = r,,. By Equations 3.26, 3.27, and 4.3, we have that near
peDx|[-1,1/2],

h 1
F—d@oZaz(@—T_lwo)nde/\d‘jD(f—?—T)

= 0.(¢*™ + wl)%dy A dyj 4 dw A dS(g*>* 4+ w')
=cdy Ndy+ codw Ndy+ csdw A dy

for some ¢; € CY*(U)+WU) and ¢y, c3 € C**(U)+ W(U). Pulling back to M*, we have
that with respect to the flat metric in uq, uo,

™ (c1 dy A dy) = (g + w°) O(s?) = g™, (4.12)

while by the same argument the ¢y and c3 term have higher regularity. Therefore we denote
wh® = ¢ dy A dij + cy dw A dy + c3 dw A dy.
If we impose the gauge-fixing condition d*6 = 0, then for some € > 0, we can solve the
elliptic system
df = wt™
a0=0
6(v) =0 on 6 B.(p)

on B(p), where v is the unit normal to B.(p). The resulting one-form 6 is smooth away
from 7 !p since w'® is, and since the system is S! invariant, 6 can be chosen S'-invariant
by averaging. We also have that § € C%(B.(p)), since

AO = d*w'* € C"(B.(p)).

Finally, 6(9;) = 0. For by Cartan’s formula, d(15,0) = —tsw"® = 0, so 6(9;) is constant.
But d; — 0 near p, so by the regularity of 6, (9;) = 0.
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Now define © = O + 6. Because dO = I' = dO’, there is a gauge transformation that
takes ©' to ©. Since gauge transformations only rotate the fibers of the S bundle, 7 is still
modelled on the Hopf fibration as in Equation 4.9. However, we will see in Section 5.3.1

by taking © as our connection, w is asymptotic to the Taub-NUT metric near p. Therefore
(M, w) is a C** compactification of M*.
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Chapter 5

Limiting Behavior of the Approximate
Solution

5.1 Convergence of Riemannian manifolds

The space (M,wr) we constructed in Chapters 3 and 4 is Ké&hler, but since it solves
the linearization of Equation 2.10 rather than the full equation, it is only approximately
Einstein. We aim to argue that for large enough 7T', wr is sufficiently close to being Einstein
that it can be perturbed to an Einstein metric. Several notions of the distance between
metrics will be useful in making this argument. Our discussion in this section follows [16]
Chapter 11.

5.1.1 Gromov-Hausdorff convergence

The weakeast notion of convergence we use is Gromov-Hausdorff convergence. The
Gromov-Hausdorff distance quantifies the dissimilarity between metric spaces.

Definition 5.1.1. Let (X,dx) and (Y, dy) be metric spaces and let A be the set of metrics
on X UY that extend dx and dy. The Gromov-Hausdorfl distance is defined as

dGH((Xa dX)7 <Y7 dY)) = infdGA d(Xv Y)7
where for a metricd on X UY, d(X,Y) =inf{e:Vz € X,y €Y : d(z,y) < €}.

In Riemannian geometry, the metric spaces will be Riemannian manifolds (M, g) with
the metric d,; induced by distance in the Riemannian metric g. Thus we say that (M;, g;)
converges to (M, g) in the Gromov-Hausdorff topology if deu((M;,d,,), (M,d,)) — 0 as
1 — oo. In such a situation, we may also informally say that x; € M; — x € M if there
exists a sequence of metrics d; € A realizing the Gromov-Hausdorff convergence such that
d(z;,z) — 0.
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The Gromov-Hausdorff distance defines a complete, separable metric space on the set of
equivalence classes under isometry of compact metric spaces (see [16] 11.1.18). On noncom-
pact spaces, we instead consider pointed Gromov-Hausdorff convergence. Let (X, dx, =) and
(Y, dy,y) be metric spaces with distinguished points x and y. We define

den((X, dx, z), (Y, dy,y)) = infgean (d(X,Y) + d(z,y)).

Then (X;,dx,, z;) — (X,dx,z) if for all R > 0, (Bgr(x;),dx,, ;) — (Bgr(z),dx,z) with
respect to the pointed Gromov-Hausdorff distance.

Gromov-Hausdorff convergence on its own is a relatively weak notion. It does not imply
the convergence of derivatives in any sense, and limits of manifolds may not be manifolds.
In addition, a sequence of n-dimensional manifolds may converge to a manifold of any lower
dimension (by collapsing) or higher dimension (by space-filling). With additional assump-
tions, however, Gromov-Hausdorff convergence can imply stronger convergence. For instance,
Cheeger and Naber [5] proved that a sequence of manifolds with Ricci curvature uniformly
bounded and local volume noncollapsing converges smoothly outside a singular set of real
codimension at least 4.

The local volume noncollapsing assumption does not hold in our case, and we will see that
if we rescale to a constant diameter, our spaces converge to a real interval. The usefulness
of Gromov-Hausdorff convergence for our purposes is in allowing us to describe the limiting
geometry of different parts of the neck region we are constructing. We will see that after an
appropriate rescaling, some portions of the neck region collapse to lower-dimensional spaces.
The notion of Gromov-Hausdorff convergence allows us to state the sense in which these
lower-dimensional spaces occur as limits. Subsequent analysis will require passing to local
universal covers to “un-collapse” these spaces and achieve C*® convergence.

5.1.2 Holder regularity scales

It is often useful to discuss convergence of the derivatives of a sequence of metrics. For
this purpose we measure the Holder norms of these metrics in local coordinates. If we were
to naively allow any choice of charts, however, we could “zoom in” to normal neighborhoods
around each point and every smooth metric would look like the Euclidean metric. Therefore
we must control the radius of the chart and the extent of magnification in our definition of
the Holder norm.

Definition 5.1.2. Let (M, g) be a Riemannian manifold, p € M a distinguished point,
and r > 0. For any k € Z>¢ and o € (0,1), ||(M,g,p)| cr.a, is defined as the supremum
over constants @ such that there exists a C*¥*1 chart ¢ : (B,(0),0) C R® — (U,p) C M
satisfying the following conditions:

1. |D¢|< e? on B,(0) and D¢~ < e? on U.
2. For all multi-indices I such that |I|< k,

P10 G| o (8,0 < Q-
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Then globally
(M, g)llcro = supl|(M, g, p)[cro-
peEM

The Holder norm computes the largest constant for which the metric can be controlled
at a fixed scale r. Conversely, we can ask for the largest scale at which a fixed constant @)
controls the metric. This gives rise to the notion of a local regularity scale.

Definition 5.1.3. Fix € > 0 and r > 0. We say that a Riemannian manifold (M, g) is
(1, k + a, €)-regular at p € M if g is C**regular on By, (p) and

I(M, g, p)l|ore < €.

We define the C*-regularity scale of (M, g) at p to be the supremum over the set of r for
which (M, g) is (1, k + «, €)-regular at p.

Intuitevely, the C*® e-regularity scale at p is the scale on which the C* geometry of M is
“e-interesting.” Thus it provides a choice of resolution that is in a sense uniform throughout
M.

5.1.3 Holder convergence and Einstein regularity

The C*?,r norm defined in Section 5.1.3 is useful for deriving compactness results but
cannot be used to measure the distance between two metrics. For this purpose, we make
use of the C* topology on compact Riemannian manifolds. Instead of defining the norm
locally, we use the Riemannian distance function to compute the denominator in the Holder
seminorms. Then we say that (M;, g;,p;) — (M, g, p) in the pointed C** topology if there
exists a compact exhaustion U; of M and a collection Fj; : U; — M, of diffeomorphisms
mapping p to p; such that F},g; — g in the C** topology on Uj.

Our use of the implicit function theorem to correct (M, wr) to a Kéhler-Einstein metric
will only give C%* convergence. Happily, the following result of Anderson and Colding gives
higher regularity without any additional work.

Theorem 5.1.4. |1, 4] Let (M;, gi)icz and (M, g) be compact n-dimensional Riemannian
manifolds such that Ric g; = Ng; for [N|[< n— 1. If (M;,9;) — (M, g) in the Gromov-
Hausdorff topology, then (M;, g;) — (M, g) in C*< for any k and o € (0,1).

5.1.4 Regularity on local universal covers

We will see that Definition 5.1.3 and the notion of C** convergence in Section 5.1.3 are
too demanding for our family of spaces (M, wr). This is because as T — oo, the size of the
St fiber, given by h™!, collapses near the singular point, so charts in this region must be
correspondingly small. However, the curvature is still uniformly bounded, and if we unroll
the S* fiber by taking the universal cover in a neighborhood of a point that does not contain
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p, we will find that the regularity scale is bounded from below. Using this observation, we
generalize the idea of C*® convergence. These definitions follow [19] 4.3.

Definition 5.1.5. Let (M;, g;) be a sequence of Riemmanian manifolds of dimension n. For
cach i, a local universal cover of (M;,g;) is the Riemannian universal cover (B,(x;),§;) of
B.(z;) € M; for any x; € M; and r > 0. If (M, g;) converges in the Gromov-Hausdorff
topology to (M, g) a manifold such that dim M = n — 1, we say that (M;, g;) converges to
(M xR, g x gg) in C** on local universal covers if whenever z; — x € M, there exists r > 0
such that B,(z;) = B.(z) x R in C*,

We can also update Definition 5.1.3 (see [19]| Definition 4.22).

Definition 5.1.6. Fix ¢ > 0 and r > 0. We say that a Riemannian manifold (M, g) is
(r,k + «, €)-regular in the sense of universal covers at p € M if g is C**regular on By, (p)
and

|(Bay(B), 3, D) || oo < €,

where (B, (p), §) is the Riemannian universal cover of By, (p) and p is a preimage of p. We
define the C*“regularity scale in the sense of universal covers of (M,g) at p to be the
supremum over the set of r for which (M, g) is (r, k 4+ «, €)-regular in the sense of universal
covers at p.

For the remainder of this paper, when we discuss regularity scales, we mean “in the sense
of universal covers.” However when discussing convergence we will be explicit about whether
we are referring to local universal covers or not.

5.2 Spaces of functions on (M, wr)

We return to our goal of perturbing (M, wr) to an exact solution for large enough T.
To achieve this, we must first prove a certain weighted Schauder estimate that is uniform
in 7. While in the previous section we discussed Holder norms on families of manifolds, in
this section we define Holder spaces of functions on such families. The estimates we derive
will establish the boundedness of the inverse in our use of the inverse function theorem in
Section 6.

The global metric behavior of (M, gr) as T — oo is not simple to describe. However, we
will only need to understand the geometry near a sequence of points (x;) where z; € (M, gr,)
for some sequence T; — oco. We will see that after passing to a subsequence and rescaling,
a sequence of neighborhoods of these points converges in the Gromov-Hausdorff sense to
one of four model spaces. Further, we can achieve C*% convergence by passing to the local
universal cover. Therefore we will see that the existence of a weighted Schauder estimate on

(M, gr) reduces to a collection of statements about these model spaces.
(k+a) |

To state the desired Schauder estimate, we must first define the weight function py,, ,

M — R.g. In what follows, the functions W and pgﬁj 5 ) depend on T', but we suppress this
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dependence for (relative) ease of notation. Pick C3 > 0 such that r, is defined up to Cjs for
all T and let W be a smooth and “reasonable” function such that

T r,<T7!

Wi(qg,T)=(r,(q) 2T1'<r, < % ) (5.1)

1 rw > C3 or r, is undefined

The significance of W is that we will need to rescale gr by W(q, T') to see nontrivial Gromov-
Hausdorff convergence in a neighborhood of q.
Now for k € {0,1,2} define

Phoy. (4) = (1 +w(q) "W (g, T)" T,
The factor of W (g, T)**® will ensure that the weight function is compatible with differen-
tiation in the proof of Proposition 5.4.1. The factor of W (g, T)” controls the behavior of
functions at infinity from the vantage point of the singular point p. The factor of (14+w(q))™°
controls the behavior of functions at infinity from the vantage point of the two boundary
components. Finally, if p is large enough then the factor of T* ensures that pg?y) to, 18
bounded below, allowing us to take powers within the weighted Hélder space.

For carefully chosen parameters, pgg:f ) will give us an appropriate weight function to
define weighted Hélder spaces on (M, gr). As in Section 5.1.4, our definition of these Holder
spaces differs from the standard theory in that distances are measured on local universal
covers.

Definition 5.2.1. Fix 7" > 0. Let K C M be a compact subset and xy € T™*(K) an
(r, s)-tensor field. Let a tilde denote the lift of an object to the Riemannian universal cover
of Bw (1) (x). The weighted C*® seminorm is defined by

() [V 5(E) = V()]

Xlgke = sup  ps, —
Con ) §EBw(a)(®) . d(I, )a
and
[X]c(’;;f#(K) = 21612 [X]c;’:‘u(/\/()(x)'

The difference |V*y (%) — V*X(7)| is computed by parallel transporting V*y(g) to . We
also write

[X]c

S,vsp

_ _ (k) gk
() = 5D Xy, ) = SUR 125, VX

S

The weighted C*® norm of y is then constructed from the seminorm in the usual way:

k
HXHO?JJTM(K): Z[X]CQV#(K) + [X]o’m

571,,,,(K)'

m=0
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Through the singular point

Figure 5.1: The weight function p((fg’ ., as a function of z along two cross sections (p,t) € Dx1I

for t € (—1,0). In the first case, the cross section goes through the singular point (pp,0),
while in the second case, it takes the form {(q,t),t € (—1,0)} for some point ¢ € D such that
rw((q,0)) > C5. Parameters are chosen in accordance with Theorem 5.2.2; and in addition
we are assuming that v 4+ 2 < §, though the opposite may be true.

We can now state the main theorem of this section.
Theorem 5.2.2. For each T, define the operator
Lr=A, —1

There exists 6o > 0 such that for all o € (0,1), if v € (—=2,—3/2), 6 € (0,0¢), and pn €
(maz(0, v + 2),1), there exists C' > 0 such that for large enough T,

[U] cy ;

) T [U]ngyyu(/vt) + HUHcngYM(M)S CH£T“Hc§f+2’M(M)

for all uw € C**(M) such that §—Z|3M= 0.

The operator L will arise in Section 6 as the linearization of a functional whose zeros
are negative Kahler-Einstein metrics.
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5.3 Local rescaled geometries

The key ingredient in the proof of Theorem 5.2.2 is the following characterization of the
rescaled geometry of the model spaces (M, gr).

Proposition 5.3.1. Let (T})52, be a sequence of positive real numbers tending to infinity.
If (w5)32, is a sequence of points with x; € M, then there exists a subsequence (which we
also call j) such that as j — oo, (M, W (x;,T;) *gr,, x;) converges in the pointed Gromouv-
Hausdorff topology to one of the following spaces:

1. the Taub-NUT space C%y,

2. the Riemannian product C x R,

3. the Riemannian cylinder D X R,
4. the Calabi model space (C+,gc.. ).

In case 1, convergence is in the pointed C*% topology. In cases 2 and 3, convergence is in
C** on local universal covers away from p for k > 0. In case 4, convergence is in the pointed
C* topology for k > 0.

Proof. Let W; = W (z;,T;) and define r,, as in Section 3.3. We will also write r,, for the
pullback of r,, by 7 : M — D x [—1,1/2]. In addition, let g; = W]-_QgTj denote the rescaled

metric and BR(J:) = By, r(x) denote the R-ball around a point x € M with respect to the
rescaled metric.

We consider four possible behaviors of (r;)22, such that there must exist a subsequence
falling into at least one of these categories.

Case 1. Tr,(z;) - C < oo. Using the coordinates defined in Section 3.3 and writing
we = 5dy A djj, we have by Equation 3.27 and the discussion in Section 4.3 that

wr =7 xwp +dz A\ O

ok 1 1 2« 1 * 1
_7TWD—|—< +—(g +w))7rw@+fdw/\@ (5.2>

2Tr, T
! +1(2’“+ )t L A (6 +0)
0Ty, o\ T T we T A AR

:W*WD—F (

Meanwhile, since the projection 7 : M — D x [—1,1/2] is modelled on the Hopf fibration,
we have by Equation 4.2 that

1 1 1
?WTN,T = (2T7"w + ].) 7T*W(C -+ fdw N @0, (53)
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where wpy r is the Taub-NUT metric in the complex-valued coordinates u;, up defined in
Section 4.3 and with parameter 7. Thus

1 1 1 1
wr — —w =" (wp —we) + = (g7 +w )T we + —=dw A 6.
T pWTNT (wp c) T(g )T we T
Now change coordinates such that u;, = ﬁui, y= ﬁ% and w = #w. Then we let
$? = oz s? = |uy[*+|u,|®. By Equation 4.4, we have

2
wryr =TW WrNT2w2-

In addition, noting that m*dy = w,duy + uydu;, = O(s) with respect to the flat metric on
C3, ., We have that

™ (wp — we) = O(r2)m*(dy A dy)
= (TW?)'O(s°).

Similarly
(¢ + whm*we = (TWQ)QQQ’O‘.
Therefore
W20 — wrnewellcze= o)

in Cﬁhb on any region where s is bounded. Since s is bounded on a ball of (I/Vj_2 gr;)-radius

R around x; for any R > 0, this gives pointed C** convergence.

Case 2. Tr,(z;) = 00, ry(z;) — 0. Note that
gr = 7§+ hpd2* + h'©% (5.4)

is the Riemannian metric corresponding to wy, where g is the Riemannian metric correspond-
ing to @. By Equation 5.1, W, = r,,(z;) for sufficiently large j, so we study the regularity of
9; = rw(w;) gz,

Integrating h along w shows that for any ¢ € M,

|ArcSinh(w(x;)) — ArcSinh(w(q))|< dgy, (z;,q) + O(T~?). (5.5)

Now take ¢ € Bg(z;) = B, ()r(z;). Since w(z;) — 0 and dgy, (zj,q) = 0, w(q) can
be assumed arbitrarily small. This lower-bounds the derivative of ArcSinh, allowing us to
conclude that

lw(q) —w(z;)|< 2ry(z;)R

for large enough j. Thus if for each j we make the change of coordinates w = ry(z;) tw,
y = ru(z;) "y, and u; = ry(2;)7?u;, we have that w(z;) <1 and |w(q) — w(z;)|< 2R.
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Now assume R > 1 and ¢ € Bg(z;)\ Bu(p) for some small ¢ > 0. Thus 7, (q) > Ce'ry(;).
By Equation 3.26,

2
hr = Tw(xj)Z;MQ +1 * 23’:,] +T(g™ + )
Thus
rols) 2y d2? = (m + O((Trw(wj))l)) du?,
and so

7% (7 (25) " 2hy d2* — dw?)|— 0

pointwise uniformly on the annulus with respect to (C2
By analogous arguments, the growth of hy implies that

|rw(xj)_2h;1@2|—> 0,

with convergence as described in the previous paragraph. To analyze the g term, we observe
that by Equation 3.27,

ro(z;) 2 g = (1 + + T10(1)> %dg Ady = idg Ady+ O((Try) ™).

2Try, 2

In summary,

. i _ .
gr — 5dy Ady + dw® = 7" ge,

on Bg(z;) \ Bo(z;). A diagonal argument in j and ¢ therefore gives Gromov-Hausdorff
convergence Bg(z;) = Br(2s) C R,

Now pass to a local universal cover B.(¢) for ¢ € Bg(z;) \ Bu(p) and assume that
B.(¢q) C (Bu(p))e. If we choose a coordinate such that © = dt, then locally

B(q) ~U xR,

for some U C D x [—1,1/2]. Since T~2hy — 1, we can rescale the ¢ coordinate to t so that
on the local universal cover
gr — ©gp + dt’

in C*°, since all terms are smooth away from p.

Case 3. ry(z;) 4 0, w(z;) /4 o0o. Assume that the limit of r,, is such that W, = 1 and
g; = gr, for large enough j. Passing to a subsequence, we can assume that w(z;) — W < 00
and d(x],p) — dy, < 00, since the diameter of @(z) and the S* fiber are bounded.

Now fix R > 1 and consider the domain Bg(z;) \ Be(p) for some small ¢’. As above,

for any ¢ € Bg(z;) \ Be(p) we can pass to a local universal cover B.(¢) ~ U x R, with
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coordinates y, y, w on U and dt = ©. We analyze the metric on the universal cover as in
the previous bullet, except there is no need to rescale by W.

Since we may assume B.(q) C (Be(p))©, rv is bounded below on ég(q). Thus we have by
Equation 3.27 and Proposition 3.1.6 that

g — T gp.

in C%* in these coordinates. Similarly, by the discussion in Section 3.2,

1
hy — T2<w2 — O(Tl)).

Thus by a rescaling of ¢,

gr — T gp + dw® + (w® + 1) dt?

w?+1

in C*° on the local universal cover. Meanwhile, since h;l — 0, this gives Gromov-Hausdroff
convergence to D x R.

Case 4. w(x;) — oco. In this case we must have that z(z;) — 2 € [—1,1/2], and again we
have g; = gr,. Fix R > 0 and take ¢ € Bg(z;). Then

d(g, x;) ~ |ArcSinh(w(q)) — ArcSinh(w(z;))[~ [log(w(q)) —log(w(z;))[, ~ (5.6)
inf  7,(q) = o0
q€BR(z;)
as j — 00.

First assume that z,, = 0 and define w = &f?). Then by the discussion in Section 3.2,
J

22— kiz(zj)w(q) +1 ()2 duw? 1 w?
04 = (T Gl ) o = . 67

By arguments similar to the previos section, the metric collapses to D x R, while
. x Ly 2 1,2
gr = mgp + —dw” +w”dt
w

in C* on the local universal cover.
Now assume z,, > 0. Take ¢ € Bg(z;) with coordinates vy, y, z and ¢ as above. As
previously the discussion in Section 3.2 gives that for z < 0,

k_z+1
h = O(T5z7%). 5.8
gk,z3+z2+T*2+ (=) (5:8)
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Meanwhile, Remark 3.3.2 gives that
Sx =0T, |w|=0Cs.

Using Equations 2.11 and 3.20 to integrate dy outside of this region, we find that

x=1+kiz+O(T™). (5.9)
Thus o )
k_z—+1 sk 224z
o7 — (1 + k_2)7* e dP " 0?
gr — (1+ 2)79D+§k_23+22 S R

in C*°, and this metric is recognized to be the Calabi model space metric described in Section
4.1.2 for n = k_. The discussion is similar for z > 0.
Note that the distance from x; to OM is finite if |z2,|> 0, since

lim (ArcSinh(7}) — ArcSinh(w(z;))) = — lim log(T} 'w(z;)). (5.10)
Jj—00 Jj—00
Thus in this case a sufficiently large definite ball around z., will contain a portion of the

boundary.
O

5.4 Schauder estimates on (M, wr)

The usefulness of Proposition 5.3.1 will become apparent in the proofs of Propositions
5.4.1 and 5.2.2. In the first proof, we will see that the proposition gives a lower bound on the
regularity scale of (M, wr), directly implying a local Schauder estimate. In the second proof,
we will assume that a global Schauder estimate fails to hold and take a sequence of functions
violating the estimate. After passing to a rescaled limit, the sequence will converge to a
function whose behavior contradicts the properties of the spaces described in Proposition
5.3.1.

Proposition 5.4.1 is modeled on [19] Proposition 4.37.

Proposition 5.4.1. (Local weighted Schauder estimate). For T' > 0 and (M, gr) as con-
structed in Section 4, the following estimates hold:

1. (Interior estimate) For all o € (0,1), there exists C, > 0 such that for all x € M?,
r € (0, %], and u € C**(Bayw (z)(x)),

2
rte HUH C?,’SM(BTW(Z) (z)) < Ca(||’CTU/||C§”3+2YH(B2TW(I)(x)) + ”UHC(?’V’H(BQTW@) (z))) .
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2. (Boundary estimate) For all o € (0,1), there exists Co, > 0 such that for all x € OM,
r € (0,3], and u € C**(Byw () (),

2
r Nellcze 8,y @) S Ca (”ﬁT“”cf; @ Borwn (=)

ou

+ g -

50,0 (B2rw () (@ ‘

Cé w1 M(BQ'I‘W(CL)(I)))

Proof. Fix some small ¢ > 0. We observe that Proposition 5.3.1 demonstrates that the
C?*°, ¢-regularity scale ry,(z) of (M,gr) with respect to ¢ at z is bounded below by a
multiple of W (z,T}):

roa(z) > CW(x,T}). (5.11)

For arguing by contradiction, this is equivalent to saying that for any sequence (z;, Tj)%2 521, the
C?*_regularity scale of (M, W(xJ,T]) 2gr) is bounded below by a constant, not necessarily
uniform across sequences, at x;. This follows because (M, W(mj,Tj)’QgT,xj) converges to
one of the four spaces in the proposition in C?“ on the local universal cover.

Equation 5.11 allows us to apply the local Schauder estimates on Euclidean balls with
respect to the metric gr. On any such ball B = B, () with 2B = By, (x),

ullc2am) < C(I(Ay — Wullcow@r)+ullco@s))

for C uniform in 7" because W () is uniformly bounded above by 1. Now we will demonstrate
0

A o
Byw(w)(z) = By(x) uniformly in # € M and 7" > 0. Therefore, multiplying through by

p((;?g,#(x) and rescaling gr — gr yields that

in the proof of Theorem 5.2.2 that for any fixed r, p is equivalent to a constant on

||u||c§;§fu(3)§ C(HLT“HcngM(QB)"‘||U||C§,V’H(2B))‘ (5.12)

The proof of the boundary estimate is similar.

]

A global version of Proposition 5.4.1 follows from the local version and a covering argu-
ment.

Proposition 5.4.2. Let v, «, and § be parameters satisfying the conditions described in
Theorem 5.2.2. Then there exists C' > 0 such that for all sufficiently large T and u €

Cia(M),
5 ,,M(M)) :

o

lollegs, o< € (1Ertles, o + ulles

S,v+2,u H

§u+1; )

We can now give the proof of Theorem 5.2.2.
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Proof. (Theorem 5.2.2) If there is no such C, then there must be a sequence of T; and C**

functions wu; with %!a m= 0 such that

[Uj]cgf,uw) + [Uj]c;w(/vz) + HUchg;gH?H(M): 1
while
”ETJ-UJ'||c§7vj+2’u(/\/l)_> 0.
Then there must exist a sequence of points (x;) such that
1
[wilcze @ T Wiles, @ + uslene, o +luleg, ., @) > 5 (5.13)

We will prove a contradiction by passing to the rescaled pointed Gromov-Hausdorff limit
for the sequence (z;)52, and the rescaling factor W (x;,T'). To preserve norms after rescaling

(kjra). Recall that

the metric, we rescale both the functions (u;) and the weight functions Doy

if § = A\2g for any metric g and A > 0, then formally,

k+ _
H)‘ a“”cgva_ HUHQ’,m

on functions, and a similar equality holds for higher degree forms. In our case, since we
are considering weighted Holder norms, we have a choice of how to divide the scaling factor
between the weight function pgﬁ: :‘ ) and the target function u;, but we must ensure that the
rescaled weight functions converge on the appropriate rescaled spaces. Thus let

) = W) I = e () G

and
u;(q) = W(xj)”T]“uj(q). (5.15)

In what follows, whenever we take a Holder norm of 4; or a related function, we take the

weight to be /3]5;31 and the metric to be §; = W (x;,T;)?gr,. Thus

[ﬁTjﬁj]cg’gM(M) — 0 (5.16)
and
[f‘j]c;ﬁu(/\/() + [ﬂj]cg’u’#(/vt) + ||aj||c§;§‘+27u(/\/(): 1 (5.17)
while
lisloze @ T lUiles, @y + lslene @t ldlos, @) > g (5.18)

As in the proof of Proposition 5.3.1, there must exist a subsequence of (z;)52, satisfying one
of four behaviors.
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Case 1. Try(z;) — C < oo. By Proposition 5.3.1, we can view (u;)52, as a sequence of
functions on a neighborhood of a point z, in (C?, gry,) for some a > 1. Now by Equation
5.14,

P (@) = (1+O(T™) (VVVV<(5>>> |

But in the Taub-NUT region, ;"I}“(gcq?) converges to 2 (g,0) (see Equation 4.11), so pit . '(q)
] ,a b ]

is uniformly equivalent to a constant on B r(z;) for any fixed R and large enough j. Thus by
Equation 5.17, the unweighted local Schauder estimates discussed in the proof of Proposition
5.4.1, and the C?“ convergence of the metrics,

il c2eBrLn< C(R), (5.19)

that is, @, is bounded in the unweighted C%* toplogy on Br(2«) C (C?, grn.a) (defined e.g.
(b+a) _ 1

using Definition 5.1.5 with weight function py,,,

) with bound depending on R, while

i;(g) < Cdy,(g,p) 2"+, (5.20)

for C' independent of R. Also, viewing z; as a point in Br(zs) we have by Equation 5.18

that
1

[@j]om(xj) + [@j]m(xj) + [aj]co,a(zj) + [ﬂj}CO(xj) > C (5.21)

for C' again independent of R. Equation 5.19 gives that for any 5 < « a subsequence
converges in O?#(Bp(r4)) to a function ., and by Equation 5.20,

lioo(q) < Clgry,,(g,0) 72042 (5.22)
for C' independent of R. Because we are rescaling the metric, £ does not converge to
Ag.v — 1. Rather,

HﬁTaj||c§;§+2,u(BR(m]-)) > ||W(37j)_2A§ﬁjHCQ;;J;Q#(BR(W))_H%HCQ;;YHM(BR(%))
> CT2||Aéaj||c§;5+2,u(BR(xj))+O(1)-
Thus

||Agﬂj ||CO*“(BR(:BOO)): O(T_2)

By C%P convergence, this implies that i, is a C? harmonic function on Bg(7.). Also,
standard Schauder estimates on ER(xm) now imply that @; converges in C%*.

Since R was arbitrary, choosing a sequence of R — oo gives a harmonic function on
(C? grn). Since v + 2 > 0, Equation 5.22 implies that ., decays at infinity, so by the
Cheng-Yau gradient estimate, U, must vanish ([12] Proposition 6.6). But this contradicts
Equation 5.21 by C*% convergence.
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Case 2. Tr,(z;) = 00, 1y(xj) — 0. By similar considerations as in the previous case, we
have that ﬁgﬁj;) (¢) is uniformly constant on Bg(z;)\ Br-1(p). Now by Proposition 5.3.1,
(M, gj,x;) converges to (R?, ggs, ¥oo) in the pointed Gromov-Hausdorff topology. It is not

immediate that @; induces a function on R3. Instead, we observe that for each j,

15l c2.e BBy 1 o S C(R), (5.23)

. . . . 1
[Uj]cza(xj) + [uj]c2(mj) + [Uj]coya(mj) + [Uj]CO(m].) > ok (5.24)

X Tw(l") v+2
u;(q)|< C’(—J) , 5.25
| ]( )| Tw(q) ( )
and

1858l co.0 (B2, 0- (5.26)

Take ¢ € Br(2s) \ {0} and assume that ¢; € (M, gr,) — ¢. Proposition 5.3.1 implies

that there is € > 0 such that (ée(qj),gj) — (Br(q) x R, ggs) in C*2. Pulling back to these
covers, Equation 5.23 gives that @; defines a sequence of functions converging to some i, in
C?*#(Bgr(q) xR) for any 3 < a. In addition, Equation 5.26 implies that i, is Ags-harmonic.

Now since the S? fiber diameter vanishes as j — oo, Equation 5.23 implies that i
is constant in the ¢ direction. Therefore @, descends to a harmonic function on B(q).
Repeating this near each point in Br(z) except the origin and then letting R — oo, we
can take Uy to be defined on R?\ {0}. Finally, Equation 5.25 gives that

|00 (q)|< C'dgs (g, 0) 720+

Now v+2 € (0,1/2), so a harmonic function on R\ {0} which is bounded by dgs (g, 0)~2#+?)
must vanish ([19] Lemma 5.7). As in the previous case, this implies that 4., = 0, contra-
dicting Equation 5.24.

Case 3. r,(x;) /4 0, w(z;) /4 co. We can assume that W (x;) = 1 for large j. Since in this

(a)

case dg;. (zj,p) = ds < 00 and §; = gr,, we have that p (q) is uniformly constant for

Sv+2,
q € Bg(x;)\ Bg-1(p). By similar arguments as in the preViJ(r)ug case, we have that
||@j||027a(BR(zj)\BR,1(p))S C(R), (5.27)
while 1
(4]0 @) + [Usle2y) + [dsleoa) + liloow) > & (5.28)
and
12;(q)|< C(1 +w(q)) rw(q) "2, (5.29)

for C' independent of R, and

1erislicon b by on= O (5.30)
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As in the previous bullet, @; converges to an S' invariant function on each local universal
cover, and these functions stitch to a function ., on the punctured cylinder D x R\ {p}
such that |fi.(q)|< C(1 +w(q))° for ¢ away from p. Further, Equation 5.29 and Equation
5.30 give that 1., is a weak solution to Lru =0 on D x R. It is computed that

1

o o} +o(T™h

Ay, =1 Dy, + (1 +w?) 0 + 2w, +
in coordinates on each local universal cover (see the proof of Proposition 5.3.1), so u., satisfies
T Aplice + (1 4+ w?) 02 llne + 2w Oylisy — Tne = 0

on D x R.
As above, we characterize this equation by separation of variables. Let x = %(1 + iw).
The resulting ODE is written

o(@ = 1) for + (20 = 1) fo = (1 +N)f = 0.
This is a hypergeometric equation with

B T Ve Bt NG
e L S LN -

a()) .

in the notation of Section 3. As previously, the parameters satisfy the relation

a(A\) + BN +1
2

Therefore the arguments from Section 3 give that the two fundamental solutions F'(«, 3, v; z(z))
and F(a, 3,v;1—x(2)), each of which grows like |w|~? for large |w|. (Recall that we needed
the inhomogeneous delta function term to achieve globally decaying solutions in Section 3.)

Since —f > \/52’1, choosing 0 < 9§y < ‘/52’1 gives that u,, = 0, a contradiction.

Case 4. w(x;) — oo. Recall that dgr, (xj,0M) — oo if and only if z = 0. First assume
that this is the case. Now dy,. (z;,p) — o0, so Bg(x;) converges to a ball in the Calabi

model space in the rescaled coordinate w(q) = %. We have by Equation 5.6 that
J

Ce™ < |w(q)|< Ce™.

Now .
At (q) = (1 +w(q)) ™

on Bg(z;) for any R > 0 and large enough j. Thus if we define 0; = (1 + w(x;))~%;, then
we have that

||77j”c21a(BR(xj))§ C(R), (5.31)
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R . R R 1
['Uj]CQ,a(mj) —+ ['Uj]cQ(rj) + [Uj]Cova(zj) + [Uj]cO(mj) > 6 (532)
. (14+w(q))° 5
(q)< c~—2_ < .
0;(a)|< 0(1 () S Cw’(q), (5.33)
and
| L1, (y)|— 0. (5.34)

As above, we get an S'-invariant limit function 9,. Equation 5.33 implies that 0, = O(w?®).
Using the expression we have derived for the metric in these coordinates and arguing as in
the previous case, we have that

T*Aplos + W0 + 2w Dyylios — oo = 0. (5.35)
Using separation of variables, the resulting ODE is
2 for +220f, — (1+ X)) f =0,

whose solutions are given by power functions in w with exponents contained in a discrete
set. The decaying solutions blow up near w(q) = 0, so a global solution to the ODE must be
growing like some definite power of w. This contradicts Equation 5.33 for small enough 9.
Now allow z,, > 0, so for large enough R, BR(xj) contains a portion of the boundary.
We have 0, as previously, but we cannot consider the behavior as w(q) — oo because w(q)
is bounded. Instead, we argue that by Equation 5.35, the Hopf maximum principle, and the
Neumann boundary condition on u;, 0 cannot achieve its maximum on M. On the other

hand, by Equation 5.33,
5
i) <€ (42,

“oo

so since d > 0, 9o, (q) decays to zero away from the boundary of C. Thus 9, = 0, contradicting
O convergence and Equation 5.32.
]
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Chapter 6

Perturbation to an Exact Solution

6.1 Implicit function theorem
Our last step is to apply the implicit function theorem in the following form.
Theorem 6.1.1. Let F : S1 — Sy be a map between Banach spaces such that for all v € Sy,
F(v) —F(0)=L(v)+N(v)
for operators L and N with the following properties:

1. (Bounded inverse) L is a linear isomorphism and there exists C, > 0 such that

1£7 op< Cr.

2. (Controlled nonlinear error) We have that N(0) = 0, and there exists Cy > 0 and
ro € (0, m) such that for all vy,ve € B,,(0) C Sy,

[N (v1) = N(v2)[|5,< Cnrollvr — valls, -

3. (Controlled initial error) The radius ro can be chosen such that

To

< —.
IFOlls< 75

Then there ezists a unique x € B, (0) such that
F(z)=0.

Further,
2] 5, < 2CL[|F(0)]]s,- (6.1)



In our case

S; ={¢ € C**(M), ¢is S* invariant and 9| _ 0}
on | gur

with the norm

[¢]ls,= [¢]c2’a’“(/\4) + [¢]cz

S,v S,v,p

M) T ||¢\|Co’,3 M)
with 0, v, and p as in Theorem 5.2.2 and

Sy ={f¢€ C’gfﬂrm(/\/l) . fis S'-invariant}

with the norm

£ s, = [1f 1l oo

5,1/+2,/,L(M) )

Note that these spaces depend on T'.
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(6.3)

For each T' we seek a function Fr : S; — Sy with the property that if Fr(v) = 0 then

Wy = wr + 100v is Kéhler-Einstein. Recall that in our notation

Ricwp = —i00log (%) — mTwp

where wr is the solution constructed in Section 3 for a fixed T" and y and h implicitly depend

on T'. Now say there exists a Kéhler potential ¢ such that

wr = T wp + 1006.

Ricwr +wr = —i@é(log (%) — gb)

For each T we define the error function to be

Then

Errgg = %e*‘i’ -1,

SO
Ricwr + wr = —i0dlog(1 + Errgg).
But
Ricw, + w, = Ricw, — Ricwr + Ricwr + wr — wr + wy
2
= —i00log (w—g) —i001og(1 + Errgp) + i00v.
W
We define

2
Fr(v) = —v +log (Z—;) + log(1 + Errgp)
T
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so that Ricw, + w, = —i00F (v).
To linearize at 0, we take n € TS* ~ S' and evaluate
Fr(tn) — F(0) = —tn + log(1 + Tr,.i00tn + O(t?))
=t(—n+ A,n+ O(t)).
Thus the derivative of Fp at 0 is A, — 1. We write

Lr(v) =(A,, —1)v (6.4)
and )
Nr(v) =log (w_§> — Ay, (6.5)

6.2 Error estimates

6.2.1 Nonlinear error estimate
First we examine the nonlinear error.
Proposition 6.2.1. There ezists Cy > 0 such that for all T > 0 and p € (0, %),
N7 (01) = Np(v2)l[s, < Cwpllor — vals,
for all vi,v, € B ( ) C Sy

Proof. Note that for all choices of parameters satisfying the assumptions of Theorem 5.2.2,
pgoy) wy pgy is bounded below on M independently of 7. For if |w|< 1, then since
W( ) > T,

0 v
P<(53+2u > 27D

which is bounded below since u > v 4 2. On the other hand if |w|> 1, then

P((512+2u > 27" 6

which is bounded below since g > 0. This bounds the Holder norms of higher powers of
functions in terms of the Holder norms of lower powers.
Expanding Equation 6.5, we have that

AA 2
N7(i00v) = log (1 + AL v+ (28821)) ) A

wr
Now if v; € B,(0) C S; for small p > 0, we have that
‘ (i85v1)2 (7:85’02)2

w% w% S C ([vz’Ul]CO + [VQ'UQ]CO) [Ul — 02]052’3 (M)

0, Vi
Csivyan(M)

< C(péuu)_lp[vl - ’UQ]CQ’Q

LR

(M)

< Cplor = valcze
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and

. A 2 Z . A 2 (
H (AWTM N (288;)1) > B <AMT02 N (288;)2) )
“r “r C5 ez (M)
< C' ([V2uioo + [V2s)en) " [or = valoze ()

< CH(p5) ) H2p) T o1 — v e

2 (M)

The constant C' in this inequality does not depend on p, ¢, or T. Here we have used the
inequality
|a® = b|< |a — bl(|al+[B])"

Now since
.0 A 2 A YA 2
Ny (i000,) — N (i03vg) = (203;)1) B (285;22)
W W
)t 000,12\ ¢ 000,)*\ "
() (oY)
W wr

=

this estimate gives that

N7 (i00v,) — NT(zaau2)|nga+2 M)

< Cplon = wlegg, o + Co( (C) ) on = el

=0
< Cpllvr — val| s

for small enough p. By the discussion above, the constant in this inequality and the bound
on p do not depend on T'. O]

6.2.2 Deriving the Kahler potential

To understand the initial error, we must compute a Kéahler potential for wy. To do this,
we follow [19] Section 4.2.2.
Such a potential should be an S!-invariant function on the total space M such that

1
mwp + 5dd° = wr. (6.6)
Then d°¢ = d5¢+ ¢.h~ 'O by S! invariance and the definition of ©. Using Equation 2.1 and

separating components as in Section 2.2, Equation 6.6 is equivalent to the system

2wD+dDd o+ o.h _18Z(;J:2(:J
d5yp. — ¢ dh = 0 (6.7)
d(6.hY) = 2d=
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Integrating the last equation twice yields that
o.ht =224+

for a constant C’, and so integrating again we find
b= / h(2u + C") du + o,
20

where ¢q is a function on D. Then the second equation is satisfied as well. Taking the z
derivative of the first equation gives the relation

(Ap¢.)wp + (p.h1).0.0 + (¢.h~ ") 2w = 20.w.

Using Equation 2.11 it is checked that the above choice of ¢ solves this equation. Therefore
¢ will be a solution if the first equation is satisfied at any z away from p. Taking z = 1, the
equation yields

f&z

2wp + (Apgo)wp + (2+ C")O.0 =2
Since 920 = —Aph, 97 [, @ =0, and so

/Daju):/Da(())+/DaZ@=/DwD+/Daza.

This implies that C" = 0, i.e.
¢.ht =2z (6.8)

Make the choice zg = 0. Then to determine ¢q, we use Equation 3.27 to solve the first
line of Equation 6.7 on the slice z = 0. By Equation 6.6, we have that

1
Apgy = ——— + T g™

2T ly|
By elliptic regularity, this implies that
b0 = % + T g™ (6.9)
In summary,
¢:/ 2hudu+%+T‘lg2’a. (6.10)
0

6.2.3 Linear error estimate

Now we are ready to estimate Fr(0) = log(1+FErrgg). We show that Errg g can be made

arbitrarily small in C’gfjr?, ., by taking T' large enough. The analysis looks different near and

away from the singularity.
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Proposition 6.2.2. For any C, > 0 and p € R+,

P
| Fr(0 )“c“*+2 (M)< E

for large enough T

Proof. By the discussion in Section 3.2, there exists Cs independent of T" such that Equations
3.26 and 3.27 hold for all |w|< Cy up to a smooth correction of order O(T') for §h and O(T 1)
for 6x. Thus we have that if r,, < Cs,

1 1
h=T? T g% ). 6.11
(1 T o, Y > (6.11)

Therefore by Equation 6.10,

o(=) = Y Llog(1 1+ (T2 £ TP 4

2T
for some C’ > 0. If we take C" = —log(T?), we find
X —¢ _ 1 + 2Tlrw + T—lgO,a EXp( |y‘ C/ + T- 190 a)
e 1 4 1 ~1,0,a 1 + (T'2)?
T2<1+(Tz)2 + o + T g% )
1+ 2T1ru, + T*lgo,a 1+ T*lgo,a

1—|—(':sz)2 + 2Tlrw + T71907a 1+ (TZ)2

1 -1 .0,
- 1 + 2T 1y + T 9 (1 + T—l 0,a)
- 1 1 T-1q0a 9
+ 2T 1y + g

:1+T10a

The calculations when r,, > Cy but still |w|< Cy are simpler and give a similar estimate.
(@)

s.+2,, 18 uniformly bounded above by 7%, we therefore have that

(i<copy= O(T") (6.12)

But by our requirement that p < 1, this last term decays in 7.
Away from the singular point y, h, and ¢ are smooth, so it is sufficient to prove a C°
bound. Integrating Equation 5.8, we find that for z < 0

¢ = cb( 02)+/ZC 92:hdz

? 2T%2(k_2 +1)
= log(1 + C?) — log(T? —I—/
g( 2) g( ) 7% 2T2f_ 3 4 (TZ)Z +1

3
= log(1 + C3) — log(T?) + log (

Since p

|Errgg — 1”02 a

dz+0O(T™)

27%k_2*
TZ + (T2)* + 1) —log(1+C5 +O(T™ ")) +0O(T™)

2 .3
= —log(T?) + log (% +(T2)* + 1) +0O(T™).
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Therefore by Equation 5.9,

X g l+k z+0(T1) 1+0(T™)

7€ - 1+k_=z —5.,—-4\ 2T%k_2z3 2

h 2T2§J3 i + O(T—2z74) ===+ (T2)2+1
=1+0(T™)

as desired. The calculations are similar for z > 0 since 1+ k, z is bounded below for z < 1/2.
Note that the O(T~°27*) decay of h provided by Proposition 3.1.6 is necessary for the last
equality since this term must absorb an O(722%) term. O

6.3 Proof of Theorems 1.2.1 and 1.2.2

Propositions 6.2.1 and 6.2.2 allow us to perturb (M, wr) to a Kéhler-Einstein surface for
large enough 7' via Theorem 6.1.1.

Proof. (Theorem 1.2.1) Fixe > 0, R > 0, and o < pp—max(d,v+2). The operator L : S} —
S, is invertible for all T" and Proposition 5.2.2 implies that the inverse is bounded by some
C', independent of T'. Proposition 6.2.1 gives the nonlinear error control for all sufficiently
small 7 for some bound Cy and large enough 7. Fixing some 7y < min(e, (2CyCL)™1),

Proposition 6.2.2 gives that
€

IFOllcos, < ic,

for large enough T'. Finally, for fixed x € 9 M, Proposition 5.3.1 gives that for large enough
T, Br(x) C (M,wr) is €/2-close in C%* to a ball in (Cy, gc, ). Because the scaling of the
cross-section D is bounded in T, T' can be chosen uniformly over OM.

Choosing T' large enough to satisfy all these requirements, Theorem 6.1.1 allows us to
find u such that

w = wy + 100u
is Kahler-Einstein and .
i, <3
Since
Pfs?:;) > CT,u—(max(cS,V—i-Q)—i-oz)’ (613)

our requirement that p > (max(d, v+ 2) + «) implies that for any x € 9 M and large enough
T, Br(z) is e-close in C%* to a ball in (C, gc. ).

Since the wkg 1 are Kahler-Einstein with A = —1, higher regularity follows from Theorem
5.1.4. O

Proof. (Theorem 1.2.2) Let (M, wr,) be the approximate solution and u; the S'-invariant
correction to a Kahler-Einstein metric, so

WKE’T]. = wTj + z@@u]
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The proof of Theorem 1.2.1 gives that
100u; | co.0 (= o(1).
Thus B
W () 26000 (2) 2,205, = 0(1): (6.14)

Now by Proposition 5.3.1, the sequence (M, W (x;) *gr,, x;) subconverges in the pointed
Gromov-Hausdorff topology to one of the four desired spaces (Xoo, goo, Too). This means that
for any € > 0 and R > 0,

geu(Br(7;), Br(7)) <

DO ™

for large enough j. But by Equation 6.14, the correction by i@guj changes the distance
between any two points by an arbitrarily small amount. For large enough j, this implies
that

gau(Br(z;), Br(Tx)) < €.

In the noncollapsing cases (Taub-NUT and Calabi model space), smooth convergence
follows from Theorem 5.1.4. In the collapsing cases (R* and D x R), we can make similar
arguments to prove C*® convergence for any k on local universal covers. Curvature is then
bounded on the local universal cover, so it is also bounded under the Riemannian covering
map, which is a local isometry.

O
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