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Abstract. Produc t ion  rates of multijet  hadronic  final 
states are studied in e§ - annihi lat ion at 29 GeV 
center  of mass energy. Q C D  shower model  calcula- 
tions with exact first order  matr ix  element weighting 
at the first gluon vertex are capable of  reproducing  

a Support by the Alexander von Humboldt Foundation, Bonn, 
FRG 
b Present address: Universidad Autdnoma de Barcelona, Bellaterra, 
Spain 
c Present address: Brookhaven National Laboratory, Upton, NY 
11973, USA 
d Present address: Carleton University, Ottawa, Ontario, Canada, 
K1S 5B6 
~ Present address: CERN, CH-1211, Gen~ve 23, Switzerland 
f Present address: University of Chicago, Chicago, IL 60637, USA 
g Present address: University of Colorado, Boulder, CO 80309, 
USA 
b Present address: Columbia University, New York NY 0027, USA 
i Present address: Cornell University, Ithaca, NY 14853, USA 
J Present address: Centre de Recherches Nucleaires, F-67037 Stras- 
bourg, France 

the observed multijet event rates over a large range 
of jet  pair  masses. The me thod  used to reconstruct  
jets is well suited for directly compar ing  experimental  
jet rates with pa r ton  rates calculated in per turbat ive  
QCD.  Evidence for the energy dependenc  of ~s is ob- 
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tained by comparing the observed production rates 
of 3-jet events with results of similar studies per- 
formed at higher center of mass energies. 

tive QCD calculations of O (e2) in order to investigate 
the energy dependence of e~. 

Introduction 

Within the framework of quantum chromodynamics 
(QCD), a renormalizable gauge theory of the strong 
interactions [1], multihadronic final states in e+e - 
annihilation reactions are described by the produc- 
tion of quarks, antiquarks and gluons, which eventu- 
ally fragment into hadrons. At high enough energies, 
these hadrons appear as jets of particles which reflect 
the dynamics of the initial quarks and gluons. In the 
past, detailed studies of multijet event production 
habe been performed by the JADE [2; 3] and the 
TASSO [4] collaborations in the e+e - center of mass 
energy range of 14 to 46.7 GeV. The comparison of 
these data with QCD and fragmentation model calcu- 
lations revealed that O(e z) QCD models underesti- 
mate the production rates of 4-jet events. This defi- 
ciency was shown to be caused by an apparent lack 
of 4-patton events in the underlying O(e 2) QCD cal- 
culations and could not be accounted for by varying 
the fragmentation parameters of these models [-2; 4]. 
Models based on leading logarithmic approximation, 
which include contributions from higher (>_ 3 rd) order 
perturbation terms, were demonstrated to provide 
better descriptions of the observed jet rates, especially 
if the model includes correction terms according to 
the exact O(cQ matrix element [4]. Furthermore, it 
was shown that by using the jet reconstruction proce- 
dure introduced by JADE [2], experimental jet rates 
may directly be compared to theoretical calculations 
of parton (i.e. quark and gluon) production [3; 5]. 
This allows one, as a significant proof of the validity 
of QCD, to perform direct tests of theoretical predic- 
tions in a way which largely avoids the usual system- 
atic uncertainties as they appear, for instance, in de- 
terminations of c~ carried out to date [6]. 

In this paper, we present jet production rates from 
hadronic data collected with the upgraded Mark II 
detector [7] at PEP at 29 GeV center of mass energy. 
The jet reconstruction algorithm introduced by 
JADE is employed in this analysis. To the extent that 
this algorithm indeed provides a valid comparison 
between experimental jet production rates and theo- 
retical parton production rates, the experimental data 
provide an important resource for the testing of both 
presently avaliable and future QCD calculations and 
QCD models. As an example we compare our 3-jet 
event production rates and the results of other experi- 
ments at different center of mass energies to perturba- 

Theoretical and experimental definition of jets 

In second order perturbation theory, the relative pro- 
duction rates R,, of 2-, 3- and 4-jet events are quadra- 
tic functions of the coupling strength of the strong 
interactions, es : 

0- 2 
R2-- 

00tot 
2 

= 1 + C 2 , 1  . o~ s .q- C 2 ,  2 . o~ s 

2 e 3 ~ -  0~ = C 3 , 1 . 0 ~ s - ~ C 3 , 2 . 0 ~  s ( 1 )  
Oto t 

R 4  ~ o ' 4  2 
~-  C 4 , 2  ' ~ s  , 

o-tot 

where o-tot is the total hadronic cross section and the 
a, are the corresponding cross sections for n-parton 
event production. C,,k are the k-th order coefficients 
for n-jet production and are functions of the parton 
resolution criteria chosen in the theoretical calcula- 
tions. Criteria to define resolvable partons are intro- 
duced in order to calculate finite parton production 
cross sections. The detailed choice of resolution criter- 
ia is, to a certain extent, arbitrary. A commonly used 
method is to require the square of the scaled invariant 
mass of any pair of partons i and j, 

M2 (2) 
Yij= E 2 , 

em 

to satisfy the relation 

Ylj~Ymin, (3) 

where Ymin is the cut-off parameter defining resolvable 
partons. 

The JADE collaboration adapted the above defi- 
nition of resolvable partons to an experimental jet 
finding algorithm [-2; 8], which works as follows. In 
each hadronic event, the squares of the scaled pair 
masses, 

Ykl = E 2. , (4) 
vls 

are calculated for all pairs of particles k and l, where 
Evi s is the visible energy of the event. Both charged 
and neutral particles are used; charged particles are 
assumed to be pions and neutrals to be photons. 
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Those particles i and j with the smallest pair mass 
are replaced by a pseudoparticle with four-momen- 
tum (p~ + pj). The procedure is then repeated until the 
scaled masses of all particle or pseudoparticle pair- 
combinations exceed a certain threshold value Ycut: 

yk~- > ycu,, (5) 

and the remaining clusters are called "jets". To calcu- 
late the pair mass Mkt, the expression 

2 Mkl = 2 .E k.El. (1-- cos Okz) (6) 

is used, where Ek and Et are the energies of particles 
k and I and Ok~ is the angle between their momentum 
vectors. Studies with Monte Carlo generated events 
showed that this choice of Mk~ provides the closest 
agreement between jet- and parton-multiplicities at 
comparable values of Ycut, the experimental cutoff in 
the jet finding algorithm, and Ymi., the QCD cutoff 
parameter for massless partons in the perturbative 
QCD calculations [-2-5]. 

In the following analysis, this jet algorithm will 
be used to analyse the relative production rates R, 
of n-jet events at 29 GeV center of mass energy in 
the dynamic range of 0.015 _< Yeut -< 0.140. After com- 
paring experimental results with the predictions of 
a QCD plus fragmentation model, detailed model stu- 
dies will be presented in order to further investigate 
the correspondence between jet- and parton-multipli- 
cities. 

Table 1. Observed production rates R,  of 2-, 3-, 4- and 5-jet events 
at ECru = 29 GeV, in % of the total hadronic cross section 

Yout R2 R3 R4 R5 

0.015 18.1+_0.5 47.4 +_0.6 28.0 +_0.5 6.44+_0.29 
0.02 26.2+_0.5 51.4 +_0.6 20.0 +_0.5 2.49+_0.18 
0.03 40.2___0.6 49.9 +_0.6 9.52+_0.34 0.40_+0.07 
0.04 51.4+-0.6 43.7 +_0.6 4.83+_0.25 - 
0.05 60.2_+0.6 37.4 _+0.6 2.38_+0.18 - 
0.06 67.2_+0.5 31.5 +0.5 1.31-+0.13 - 
0.08 76.7+-0.5 22.9 -+0.5 0.41 -+0.07 - 
0.10 83.5+-0.4 16.4 +_0.4 0.07+_0.03 - 
0.12 88.0+_0.4 12.0 _+0.4 - 
0.14 91.1+_0.3 8.93+0.33 - 

100 . . . . . . . . .  , . . . .  
MARK I I  

80 ~ ~ "  2"~'et~ 

"~ 60 _ . / "  
I .  _ _ /  . I r x ,  2-, 3-, 4-, 5-jet Data 

p / w  - -  Shower MC, AZL~= 340 MeV 

g 40 

"" )< 
r 20 w~.~ 3-jet  

0.0 0.05 0.10 0.15 

Ycut 
Fig. 1. The observed 2-, 3-, 4- and 5 je t  event rates for different 
values of Y~ut, together with the corresponding results of the Lund  
QCD shower and fragmentation model 

Experimental jet rates and comparison 
with QCD model calculations 

The integrated luminosity of the event sample ana- 
lysed in this study totals 27 pb-  1 and was accumulat- 
ed between November 1985 and February 1986 at 
an e+e-  center of mass energy of 29 GeV at the PEP 
storage ring at SLAC, using the upgraded version 
of the Mark II detector [7]. The basic particle selec- 
tion criteria are described elsewhere [9]. In addition, 
the total missing momentum of an event, ]~Pil, is 
required not to exceed 30% of the e+e - center of 
mass energy, the angle Os of the event sphericity axis 
[10] with the beam direction must satisfy [cos Osl 
<0.8, the total visible energy of the event, Evis, is 
required to exceed 40% of Ecru and the event momen- 
tum imbalance along the beam direction must not 
exceed 40% of Evls. These criteria suppress events 
from the processes e + e-  --+ 77 --+ hadrons and e + e 
--* z+r - as well as events where a large fraction of 
the particles is lost near the beampipe. We verified 
that the resulting jet production rates do not depend 
on small variations of any or all of the selection criter- 

ia. After these cuts, 7482 well contained hadronic 
events remain to be analysed. 

The relative production rates R n of n-jet events, 
reconstructed with the jet algorithm described above, 
are presented in Table 1 for Ycut values ranging from 
0.015 to 0.140. These jet production rates are also 
shown in Fig. 1 as a function of y~,t. The statistical 
errors given in Table 1 are omitted in the figure since 
they are smaller than the printed symbols. 

In Fig. 1, the data are compared to jet production 
rates determined in model calculations using the 
Lund QCD shower and string fragmentation model 
(version 6.3) with exact first order matrix element 
weighting [-11]. This model was shown to provide 
the best overall description of hadronic e+e - data 
[,12-14] and of jet production rates in detail [4]. The 
fragmentation parameters of the model were chosen 
according to the results of our previous studies [12]. 
The QCD parameter AI~LA, which determines the 
magnitude of the strong coupling constant in the un- 
derlying QCD calculations, was chosen such that the 
experimental jet rates are well described, resulting in 
ALL A = 340 MeV_+ 20 MeV. Note that ALL A must be 
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regarded as a parameter of this specific QCD model. 
It can generally not be compared with numerical re- 
sults of A~,  which is the QCD parameter defined 
in second (or higher) order perturbative QCD calcula- 
tions in the MS renormalization scheme. The model 
calculations include the effects of initial state photon 
radiation and a full software simulation of the Mark- 
II detector and they underwent the same selection 
criteria and analysis steps as the real data. 

As can be seen in Fig. 1, the model provides an 
excellent description of the jet rates observed in the 
entire range of jet masses analyzed. This observation 
is in agreement with similar investigations performed 
at 35 GeV center of mass energy [4]. Together with 
the results of our previous studies on the qualitative 
description of data by various QCD models [12], it 
emphasizes that the Lund QCD shower model is cur- 
rently the most reliable model to describe hadronic 
final states in the PEP and PETRA e +e- energy range 
[12-143. 

This situation, however, is sometimes regarded as 
unsatisfactory, since the Lund shower model is only 
based on leading logarithmic approximations plus a 
first order correction at the first gluon vertex [11], 
rather than on complete next-to-leading order pertur- 
bation theory (e.g. in 2 na order) where the QCD pa- 
rameter A is defined in a certain renormalization 
scheme (usually the MS scheme). Models based on 
2 nd order QCD calculations, on the other hand, were 
seen to provide a poorer description of the data in 
general [12] and especially of the observed multijet 
production rates [2; 4]. This disagreement was ex- 
plained by an apparent lack of 4- and higher multi- 
patton events in the 0 (c~) calculations. Therefore the 
QCD shower model is the preferred model to deter- 
mine corrections to the experimental data for the ef- 
fects of initial state photon radiation, hadronization 
and the finite acceptance and resolution of the detec- 
tor. 

The correspondence between jet and parton rates 

The data presented so far are not corrected for initial 
state radiation, detector acceptance and fragmenta- 
tion. In previous investigations, however, it was 
shown that experimental jet rates, defined by the jet 
algorithm described above, are closely related to the 
underlying parton rates and can thus be directly com- 
pared to perturbative QCD calculations [3; 5]. This 
possibility shall now be further investigated for our 
data at 29 GeV center of mass energy. 

In Fig. 2, the relative 2-, 3- and 4-jet production 
rates*, determined in model calculations using the 

* F o r  r e a sons  of clarity,  the smal l  ra te  of 5-jet events  observed 
at  the smal les t  values  of Ycut are omi t t ed  

100 . . . . . . . . .  , . . . .  
Lund Shower MC Study 

(Eem = 29 GeV) e , , ~ ,  ~ "  
80 ~ , , ~  2-jet 

/ 
"~ 60 �9 

~r e i x  Patton level 

40 ~'m - -  After Detector 
- -  e ~  . . . .  After Fragmentation 

~ , .  4-jet 
0 ~"~'x'~,'~ ~r~x a 

0,0 0.05 0.10 0.15 

Ycut 

Fig. 2. The  influence of f r agmen ta t ion  as well as of in i t ia l  s ta te  radia-  
t ion  and  detec tor  reso lu t ion  on n-jet event  rates,  s imula ted  in mode l  
calculat ions,  as a funct ion of Ycut 

Lund QCD shower and fragmentation model as 
shown in Fig. 1 and as discussed in the previous sec- 
tion, are presented at 3 different stages of model calcu- 
lations. First, they are calculated from the original 
quarks and gluons by using the jet algorithm de- 
scribed above. We verified that this procedure is 
equivalent to terminating the QCD shower process 
and counting patton rates at the corresponding values 
of Ymin. In a second step, jets are reconstructed after 
fragmenting quarks and gluons into final particles. 
Finally, the effects of initial state photon radiation 
as well as the finite resolution and acceptance of the 
Mark II detector are simulated and the same event 
selection criteria as used for the final data analysis 
are applied. As can be seen in Fig. 2, with the inclu- 
sion of the effects of fragmentation as well as initial 
state photon radiation and detector resolution, the 
reconstructed jet production rates faithfully repro- 
duce the patton rates. 

While O (c~) string fragmentation models result in 
similarly small corrections for 2- and 3-jet events 
above Ycut= 0.04, larger deviations are obtained in re- 
gions where they do not provide a good description 
of the data, as for instance at low values of Ycut or 
for 4-jet rates in general [2; 4]. However, if these 
models are modified to accommodate the possibility 
of using small energy scales (#24 2 Eem ) in the O(~ 2) 
calculations according to [15], we find similar small 
correction factors in the entire range of Ycut as for 
the shower model shown in Fig. 2 [16]. 

Independent fragmentation models mostly predict 
larger deviations between partons and fragmented 
jets. This, however, is mainly caused by the fact that 
these models do not conserve energy and momentum 
in the fragmentation process [17]. In addition, inde- 
pendent jet fragmentation models are not compatible 
with many other experimental observations 1-12-14]. 
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Table 2. Production rates R,  of 2-, 3-, and 4-jet events at Ecru 
= 29 GeV, before and after correction for fragmentation, initial state 
radiation and detector effects, in % of the total hadronic cross sec- 
tion 

Yeut Obs. Data  uncorr. Data  corr. 

0.04 Rz 51.4 +0.6 52.9 •  
R 3 43.7 _+0.6 42.2 +0.8 
R 4 4.83 • 0.25 4.96 • 0.35 

0.06 R 2 67.2 +0.5 67.0 __+0.8 
R3 31.5 +0.5 31.7 _+0.8 
R 4 1.31 _+0.13 1.34+0.20 

0.08 R2 76.7 +0.5 76.2 +0.8 
R 3 22.9 •  23.4 •  
R 4 0.41 -+ 0.07 0.36_+0.10 

They are therefore not considered to provide realistic 
estimates of fragmentation corrections to jet produc- 
tion rates. 

As a further step in the data analysis presented 
above, the jet production rates observed for yc,~ 
--0.04, 0.06 and 0.08 are explicitly corrected for frag- 
mentation, initial state radiation and detector effects. 
The corrections are determined from the model calcu- 
lations presented in Fig. 2 and are applied in two 
steps. The migration of m-parton events into classes 
of n-jet events, caused by fragmentation processes, is 
corrected for by multiplying the vector of the uncor- 
rected jet data with the inverse of a 3 x 3 migration 
matrix given by the model calculations. Initial state 
radiation and detector resolution effects are taken 
into account by a vector multiplication method. In 
Table 2, the results are listed and compared to the 
uncorrected data. As can be seen, the corrected "m- 
parton" rates of the data are, within the statistical 
errors, identical to the uncorrected n-jet event rates. 
We verified that these results are independent of rea- 
sonable parameter changes within the model calcula- 
tions. 

From these studies we conclude that it is feasible, 
at least in the region of Y~ut-> 0.04, to compare experi- 
mental jet production rates directly with theoretical 
calculations on parton production cross sections. Pos- 
sible corrections for fragmentation effects are small 
and can be absorbed in small readjustments (~6%) 
of e~. These findings are in good agreement with pre- 
viously performed studies [2-5], which also demon- 
strated that these corrections are energy independent 
above E ~  ~ 25 GeV. They are also supported by the 
theoretical conjecture of "local parton hadron dua- 
lity" [18; 19]. The close agreement between jets and 
partons opens a wealth of possibilities of verifying 
the predictions and dynamics of perturbative QCD 
in existing and future e +e- experiments, without the 
usual reliance on fragmentation models. 

. . . .  ! . . . .  i . . . .  i . . . .  

r Mark-II Jr TASSO 
R31%] r JADE * AMY 

60 QCD O(cc 2) [ KL A ~-7 = 205 MeV ....... 
t G S  A ~ " ~ ' =  2 1 0  M e V  ............. 

50 IE,.~, 

'~'"~ ................ y e n , :  

I,, 0.04 ................ :':':':':':'~'" 

30 ["'"'"d,~.i 
" i  .............. | ..... 0.06 

20 40 60 80 100 

Ecm [GeV] 
Fig. 3. Compilation of 3-jet event production rates at different center 
of mass energies, compared with O (c~ 2) calculations of Kramer and 
Lampe (KL) and of Gottschalk and Shatz (GS) 

A test of  the running ~ 

As an example of the possibilities indicated above 
and as a unique test of the non-Abel• structure 
and the validity of QCD, investigations of jet produc- 
tion rates provide an opportunity to test the energy 
dependence of the strong coupling strength without 
determining explicit values of cq [3-5; 8; 20]. For 
constant values of Ymin and according to (1), the ener- 
gy dependence of jet production rates is only deter- 
mined by the energy evolution of c~s. Therefore in 
Fig. 3 we compare our 3-jet production rates with 
those from JADE [3], TASSO [4] and AMY [20] 
in the center of mass energy range from 22 GeV to 
56 GeV for various values of Ycut. The data are also 
compared to the most recent QCD calculations com- 
plete to O(c~ 2) performed by Gottschalk and Shatz 
(GS) [21] and by Kramer and Lampe (KL) [22]. The 
QCD parameter A ~  was optimized* to describe the 
data for Ycut -> 0.06. 

The data are compatible with each other and with 
the theoretical expectations based on an energy de- 
pendent coupling strength. The assumption of an en- 
ergy independent coupling strenght, however, is not 

* The fitted value of Ayrs=210 M e V •  13 MeV for the calculations 
of GS corresponds to ~s(29 GeV)=  0.144, which is slightly less than 
our previous result of cq(29 GeV)=0.158 obtained in a study of 
energy-energy correlations [9]. The difference is due to the fact 
that fragmentation corrections, predicted by the Lurid model as 
shown in Fig. 2, are not  taken into account at this point. Such 
corrections would shift the corresponding values for as by about  
+ 6 %  to c~(29 GeV)=0.153, which is in excellent agreement with 
the result in [9] 
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compa t ib l e  wi th  the  data .  In  such a case, R 3 is ex- 
pec ted  no t  to depend  on  the center  of mass  energy.  
W e  also no te  tha t  the p red ic t ions  of  the two theore t i -  
cal ca lcula t ions  agree  qui te  well wi th  each o the r  and  
that ,  except  for your<0.04, the ca lcu la t ions  descr ibe  
the d a t a  in the ent i re  range  of je t  masses  with one 
cons is ten t  value  of  A ~ .  F u r t h e r  inves t iga t ions  [16] 
show, however ,  tha t  even this d i sc repancy  vanishes  
if the d a t a  are  c o m p a r e d  with O(e~) ca lcu la t ions  
which use smal ler  energy scales ( # 2 4  E2m) [15]. 

In  o rde r  to quan t i t a t ive ly  express  the significance 
of these observa t ions ,  we present  results  of  fits ob-  
t a ined  at  Your=0.08, where  the mos t  d a t a  are  avai l-  
able. The Q C D  ca lcu la t ions  shown in Fig.  3 resul t  
in Z 2 -- 11.5 for 9 degrees of f reedom, while a c o m p a r i -  
son with  an  energy i ndependen t  3-jet ra te  only  yields 
X 2 = 56.7. Neglec t ing  the d a t a  po in t s  a t  Ecm = 22 GeV,  
which might  be affected by  f r agmen ta t i on  f luc tuat ions  
[3; 4], X 2 =29 .7  for 7 degrees of  f reedom for the  hy- 
pothes is  of  an  energy i ndependen t  coupl ing  cons t an t  
( co r respond ing  to a confidence level (CL) of  10-4),  
while 2 2 = 6 . 1  for the Q C D  ca lcu la t ions  (CL=0 .5 ) .  
The  case of  an  energy i ndependen t  e~ is c lear ly ru led  
out  by  these numbers .  

Summary 

P r o d u c t i o n  rates  of  mul t i je t  h a d r o n i c  final states, ob-  
served in e+e - ann ih i l a t ions  at  Ecru=29 GeV,  are  
s tudied  by  us ing a je t  f inding a lgo r i t hm tha t  defines 
reso lvable  je t s  in terms of  m i n i m u m  requ i red  j e t  pa i r  
masses.  The  d a t a  are  c o m p a r e d  with  Q C D  shower  
mode l  ca lcu la t ions  inc luding  a first o rde r  ma t r i x  ele- 
men t  weight ing  m e t h o d  at  the first g luon  vertex. The  
mode l  r ep roduces  the obse rved  relat ive p r o d u c t i o n  
rates  of  2-, 3-, 4- a n d  5-jet events  over  a large range  
of je t  pa i r  masses.  F u r t h e r  s tudies show tha t  the  ap-  
pl ied m e t h o d  of  defining and  recons t ruc t ing  je ts  in 
h a d r o n i c  events  ensures  tha t  cor rec t ions  due to frag- 
men ta t ion ,  ini t ia l  s ta te  p h o t o n  r a d i a t i o n  and  accep-  
tance and  finite r e so lu t ion  of  the M a r k - I I  de tec to r  
are sufficiently smal l  to di rect ly  c o m p a r e  exper imen ta l  
ra tes  of  n-jet events to  theore t ica l  ca lcu la t ions  of  n- 
p a r t o n  events. This  poss ib i l i ty  a l lows one to test pre-  
d ic t ions  of  exist ing and  future Q C D  ca lcu la t ions  with-  
out  t oo  much  dependence  on  p h e n o m e n o l o g i c a l  frag- 
m e n t a t i o n  models .  In  o rde r  to verify the  energy de- 
pendence  of the s t rong  coupl ing  strength,  es, 3-jet 
rates obse rved  by  different exper iments  in the center  
of  mass  energy range  f rom 22 GeV to 56 GeV are  
compi l ed  and  are  c o m p a r e d  to different Q C D  calcula-  
t ions in O(e2). The  d a t a  agree well wi th  each  o the r  
and  with  the Q C D  expec ta t ion  of an energy depen-  

dent  c~s, while the poss ib i l i ty  of  an  energy i ndependen t  
coupl ing  s t rength  can  be ru led  out.  This  evidence and  
the abi l i ty  of  second  o rde r  Q C D  ca lcu la t ions  and  of  
Q C D  shower  m o d e l  ca lcu la t ions  to descr ibe  experi-  
men ta l  je t  d a t a  in a wide range  of  je t  masses  and  
center  of  mass  energies enhance  the confidence in such 
theore t ica l  p red ic t ions  for future  exper iments  a t  high-  
er energies.  
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